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The expectation monad is introduced abstractly via two composable adjunctions, but concretely cap-
tures measures. It turns out to sit in between known monads: on the one hand the distribution and
ultrafilter monad, and on the other hand the continuation monad. This expectation monad is used in
two probabilistic analogues of fundamental results of Manes and Gelfand for the ultrafilter monad:
algebras of the expectation monad are convex compact Hausdorff spaces, and are dually equivalent
to so-called Banach effect algebras. These structures capture states and effects in quantum founda-
tions, and also the duality between them. Moreover, the approach leads to a new re-formulation of
Gleason’s theorem, expressing that effects on a Hilbert space are free effect modules on projections,
obtained via tensoring with the unit interval.

1 Introduction

Techniques that have been developed over the last decades for the semantics of programming languages
and programming logics gain wider significance. In this way anew interdisciplinary area has emerged
where researchers from mathematics, (theoretical) physics and (theoretical) computer science collabo-
rate, notably on quantum computation and quantum foundations. The article [6] uses the phrase “Rosetta
Stone” for the language and concepts of category theory thatform an integral part of this common area.

The present article is also part of this new field. It uses results from programming semantics, topology
and (convex) analysis, category theory (esp. monads), logic and probability, and quantum foundations.
The origin of this article is an illustration of the connections involved. Previously, the authors have
worked on effect algebras and effect modules [21, 19, 20] from quantum logic, which are fairly general
structures incorporating both logic (Boolean and orthomodular lattices) and probability (the unit interval
[0,1] and fuzzy predicates). By reading completely different work, on formal methods in computer
security (in particular the thesis [34]), the expectation monad was noticed. The monad is used in [34, 9]
to give semantics to a probabilistic programming language that helps to formalize (complexity) reduction
arguments from security proofs in a theorem prover. In [34] (see also [5, 33]) the expectation monad is
defined in a somewhatad hocmanner (see Section 10 for details). Soon it was realized that a more
systematic definition of this expectation monad could be given via the (dual) adjunction between convex
sets and effect modules (elaborated in Subsection 2.4). Subsequently the two main parts of the present
paper emerged.

1. The expectation monad turns out to be related to several known monads as described in the fol-
lowing diagram.

(
distributionD

)
,, ,,❨❨❨❨❨ (

expectationE
)

// //
(
continuationC

)
(
ultrafilter UF

) 22 22❡❡❡❡❡
(1)
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The continuation monadC also comes from programming semantics. But here we are more inter-
ested in the connection with the distribution and ultrafilter monadsD andUF . Since the algebras
of the distribution monad are convex sets and the algebras ofthe ultrafilter monad are compact
Hausdorff spaces (a result known as Manes theorem) it follows that the algebras of the expectation
monad must be some subcategory of convex compact Hausdorff spaces. One of the main results
in this paper, Theorem 5, makes this connection precise. It can be seen as a probabilistic version
of Manes theorem. It uses basic notions from Choquet theory,notably barycenters of measures.

2. The adjunction that gives rise to the expectation monadE yields a (dual) adjunction between
the categoryAlg(E ) of algebras and the category of effect modules. By suitable restriction this
adjunction gives rise to an equivalence between “observable” E -algebras and “Banach” (complete)
effect modules, see Theorem 6.

These two parts of the paper may be summarized as follows. There are classical results:

Alg(UF )
[Manes]
≃

(
compact Hausdorff spaces

) [Gelfand]
≃

(
commutativeC∗-algebras

)op

Here we give the following “probabilistic” analogues:

Algobs(E ) ≃
(
convex compact Hausdorff spaces

)
obs ≃

(
Banach effect modules

)op

The subscript ‘obs’ refers to a suitable observability condition, see Section 7. The role played by the two-
element set{0,1} in these classical results—e.g.as “schizophrenic” object—is played in our probabilistic
analogues by the unit interval[0,1].

Quantum mechanics is notoriously non-intuitive. Hence a proper mathematical understanding of the
relevant phenomena is important, certainly within the emerging field of quantum computation. It seems
fair to say that such an all-encompassing understanding of quantum mechanics does not exist yet. For
instance, the categorical analysis in [1, 2] describes someof the basic underlying structure in terms of
monoidal categories, daggers, and compact closure. However, an integrated view of logic and probability
is still missing. Here we certainly do not provide this integrated view, but possibly we do contribute a
bit. The states of a Hilbert spaceH , described as density matrices DM(H ), fit within the category
of convex compact Hausdorff spaces investigated here. Also, the effects Ef(H ) of the space fit in the
associated dual category of Banach Hausdorff spaces. The duality we obtain between convex compact
Hausdorff spaces and Banach effect algebras precisely captures the translations back and forth between
states and effects, as expressed by the isomorphisms:

Hom
(
Ef(H ), [0,1]) ∼= DM(H) Hom

(
DM(H ), [0,1]) ∼= Ef(H).

These isomorphisms (implicitly) form the basis for the quantum weakest precondition calculus described
in [13].

In this context we shed a bit more light on the relation between quantum logic—as expressed by the
projections Pr(H ) on a Hilbert space—and quantum probability—via its effectsEf(H ). In Section 9
it will be shown that Gleason’s famous theorem, expressing that states are probability measures, can
equivalently be expressed as an isomorphism relating projections and effects:

[0,1]⊗Pr(H ) ∼= Ef(H ).

This means that the effects form the free effect module on projections, via the free functor[0,1]⊗ (−).
More loosely formulated: quantum probabilities are freelyobtained from quantum predicates.
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We briefly describe the organization of the paper. It starts with a quick recap on monads in Section 2,
including descriptions of the monads relevant in the rest ofthe paper. Section 3 gives a brief introduction
to effect algebras and effect modules. It also establishes equivalences between (Banach) order unit
spaces and (Banach) Archimedean effect modules. In Section4 we give several descriptions of the
expectation monad in terms of effect algebras and effect modules. We also describe the map between
the expectation monad and the continuation monad here. Sections 5 and 6 deal with the construction of
the other two monad maps from Diagram (1): those from the ultrafilter and distribution monads to the
expectation monad. Here we also explore some of the implications of these maps. Next, in Section 7,
we study the algebras of the expectation monad. We prove thatthe category ofE -algebras is equivalent
to the category compact convex sets with continuous affine mappings. In Section 8 we establish a dual
adjunction betweenE -algebras and effect modules. We prove that when restrictedto so-called observable
E -algebras and Banach effect modules this adjunction becomes an equivalence. In Section 9 we apply
this duality to quantum logic. We prove that the isomorphism[0,1]⊗Pr(H ) ∼= Ef(H ) is an algebraic
reformulation of Gleason’s theorem. Finally in Section 10 we examine how the expectation monad has
appeared in earlier work on programming semantics. We also suggest how it might be used to capture
both non-deterministic and probabilistic computation simultaneously, although the details of this are left
for future work.

2 A recap on monads

This section recalls the basics of the theory of monads, as needed here. For more information, see
e.g.[29, 8, 28, 10]. Some specific examples will be elaborated later on.

A monad is a functorT : C → C together with two natural transformations: a unitη : idC ⇒ T and
multiplication µ : T2 ⇒ T. These are required to make the following diagrams commute,for X ∈ C.

T(X)
ηT(X) //

❖❖
❖❖

❖❖
❖❖

❖❖

❖❖
❖❖

❖❖
❖❖

❖❖
T2(X)

µX
��

T(X)
T(ηX)oo

♦♦
♦♦
♦♦
♦♦
♦♦

♦♦
♦♦
♦♦
♦♦
♦♦

T3(X)
µT(X) //

T(µX) ��

T2(X)

µX
��

T(X) T2
µX

// T(X)

Each adjunctionF ⊣ G gives rise to a monadGF.
Given a monadT one can form a categoryAlg(T) of so-called (Eilenberg-Moore) algebras. Objects

of this category are maps of the forma: T(X)→ X, making the first two squares below commute.

X

❋❋
❋❋

❋❋
❋❋

❋❋
❋❋

❋❋
❋❋

η // TX
a
��

T2X
µ
��

T(a) // TX
a
��

TX
a
��

T( f ) // TY

b
��

X TX a
// X X

f
// Y

A homomorphism of algebras(X,a)→ (Y,b) is a mapf : X →Y in C between the underlying objects
making the diagram above on the right commute. The diagram inthe middle thus says that the mapa
is a homomorphismµ → a. The forgetful functorU : Alg(T)→ C has a left adjoint, mapping an object
X ∈ X to the (free) algebraµX : T2(X)→ T(X) with carrierT(X).

Each categoryAlg(T) inherits limits from the categoryC. In the special case whereC = Sets, the
category of sets and functions (our standard universe), thecategoryAlg(T) is not only complete but also
cocomplete (see [8,§ 9.3, Prop. 4]).
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A map of monadsσ : T ⇒ S is a natural transformation that commutes with the units andmultipli-
cations, as in:

X

ηX
��

X

ηX
��

T2(X)

µX
��

σTX // S(T(X))
S(σX) // S2(X)

µX
��

T(X) σX
// S(X) T(X) σX

// S(X)

(2)

Such a map of monadsσ : T ⇒ S induces a functor(−) ◦ σ : Alg(S) → Alg(T) between categories of
algebras that commutes with the forgetful functors.

Lemma 1. Assume a map of monadsσ : T ⇒ S.

1. There is a functor(−) ◦ σ : Alg(S)→ Alg(T) that commutes with the forgetful functors.

2. If the categoryAlg(S) has sufficiently many coequalizers—like when the underlying category is
Sets—this functor has a left adjointAlg(T) → Alg(S); it maps an algebra a: T(X) → X to the
following coequalizer aσ in Alg(S).

(
S2(TX)

S(TX)
µ��

) µ◦S(σ) //

S(a)
//

(
S2(X)

S(X)
µ��

)
c // //

(
S(Xσ )

Xσ

aσ��

)
�

Proof We need to establish a bijective correspondence between algebra maps:

(
S(Xσ )

Xσ

aσ��

)
f //

(
S(Y)

Y
b��

)

=======================(
T(X)

X
a��

)

g
//

(
T(Y)

Y
b◦σ��

)

This works as follows. Givenf , one takesf = f ◦ c ◦ η : X →Y. And giveng one obtainsg: Xσ →Y
becauseb ◦ T(g) : S(X)→Y coequalizes the above parallel pairµ ◦ S(σ) andS(a). Remaining details
are left to the interested reader. �

2.1 The Distribution monad

We shall writeD for the discrete probability distribution monad onSets. It maps a setX to the set of
formal convex combinationsr1x1+ · · ·+ rnxn, wherexi ∈ X andr i ∈ [0,1] with ∑i r1 = 1. Alternatively,

D(X) = {ϕ : X → [0,1] | supp(ϕ) is finite, and∑x ϕ(x) = 1},

wheresupp(ϕ) ⊆ X is the support ofϕ , containing allx with ϕ(x) 6= 0. The functorD : Sets→ Sets
forms a monad with the Dirac function as unit in:

X
η // DX DDX

µ // DX

x ✤ // 1x= λy.

{
1 if y= x

0 if y 6= x
Ψ ✤ // λy. ∑ϕ∈DX Ψ(ϕ) ·ϕ(y).
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[Here we use the “lambda” notation from the lambda calculus [7]: the expressionλx. · · · is used for the
functionx 7→ · · · . We also use the associated application rule(λx. f (x))(y) = f (y).]

Objects of the categoryAlg(D) of (Eilenberg-Moore) algebras of this monadD can be identified
as convex sets, in which sums∑i r ixi of convex combinations exists. Morphisms are so-called affine
functions, preserving such convex sums, see [19]. Hence we also writeAlg(D) = Conv, whereConv is
the category of convex sets and affine functions.

The prime example of a convex set is the unit interval[0,1]⊆R of probabilities. Also, for an arbitrary
setX, the set of functions[0,1]X , or fuzzy predicates onX, is a convex set, via pointwise convex sums.

2.2 The ultrafilter monad

A particular monad that plays an important role in this paperis the ultrafilter monadUF : Sets→ Sets,
given by:

UF (X) = {F ⊆ P(X) | F is an ultrafilter}
∼= { f : P(X)→{0,1} | f is a homomorphism of Boolean algebras}

(3)

Such an ultrafilterF ⊆ P(X) satisfies, by definition, the following three properties.

• It is an upset:V ⊇U ∈ F ⇒V ∈ F ;

• It is closed under finite intersections:X ∈ F andU,V ∈ F ⇒U ∩V ∈ F ;

• For each setU eitherU ∈ F or ¬U = {x ∈ X | x 6∈ U} ∈ F , but not both. As a consequence,
/0 6∈ F .

For a functionf : X →Y one obtainsUF ( f ) : UF (X)→ UF (Y) by:

UF ( f )(F ) = {V ⊆Y | f−1(V) ∈ F}.

Taking ultrafilters is a monad, with unitη : X → UF (X) given by so-called principal ultrafilters:

η(x) = {U ⊆ X | x∈U}.

The multiplicationµ : UF 2(X)→ UF (X) is:

µ(A ) = {U ⊆ X | D(U) ∈ A } where D(U) = {F ∈ UF (X) |U ∈ F}.

The setUF (X) of ultrafilters on a setX is a topological space with basic (compact) clopens given
by subsetsD(U) = {F ∈ UF (X) |U ∈ F}, for U ⊆ X. This makesUF (X) into a compact Hausdorff
space. The unitη : X → UF (X) is a dense embedding.

The following result shows the importance of the ultrafiltermonad, seee.g.[27], [22, III.2], or [10,
Vol. 2, Prop. 4.6.6].

Theorem 1(Manes). Alg(UF )≃CH, i.e. the category of algebras of the ultrafilter monad is equivalent
to the categoryCH of compact Hausdorff spaces and continuous maps.
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The proof is complicated and will not be reproduced here. We only extract the basic constructions.
For a compact Hausdorff spaceY one uses denseness of the unitη to define a unique continuous exten-
sions f # as in:

X // η //

f
))❘❘

❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘ UF (X)

f #

��✤
✤

Y

(4)

One definesf #(F ) to be the unique element in
⋂
{V | V ⊆ Y with f−1(V) ∈ F}. This intersection is

a singleton precisely becauseY is a compact Hausdorff space. In such a way one obtains an algebra
UF (Y)→Y as extension of the identity.

Conversely, assuming an algebra chX : UF (X)→ X one definesU ⊆ X to be closed if for allF ∈
UF (X), U ∈ F implies ch(F ) ∈ U . This yields a topology onX which is Hausdorff and compact.
There can be at most one such algebra structure chX : UF (X) → X on a setX, corresponding to a
compact Hausdorff topology, because of the following standard result.
Lemma 2. Assume a set X carries two topologiesO1(X),O2(X)⊆ P(X) with O1(X)⊆ O2(X), O1(X)
is Hausdorff andO2(X) is compact, thenO1(X) = O2(X). �

Proof If U is closed inO2(X), then it is compact, and, becauseO1(X)⊆O2(X), also compact inO1(X).
Hence it is closed there. �

We can apply this result to the spaceUF (X) of ultrafilters: as described before Theorem 1,UF (X)
carries a compact Hausdorff topology with setsD(U) = {F ∈ UF (X) | U ∈ F} as clopens. Also, it
carries a compact Hausdorff topology via the (free) algebraµX : UF 2(X)→ UF (X). It is not hard to
see that the subsetsD(U) are closed in the latter topology, so the two topologies onUF (X) coincide by
Lemma 2. Later we shall use a similar argument.
Example 1. The unit interval[0,1] ⊆ R is a standard example of a compact Hausdorff space. Its
Eilenberg-Moore algebra ch:UF ([0,1]) → [0,1] can be described concretely onF ∈ UF ([0,1]) as:

ch(F ) = inf{s∈ [0,1] | [0,s] ∈ F}. (5)

For the proof, recall that ch(F ) is the (sole) element of the intersection
⋂
{V | V ∈ F}. Hence if

[0,s] ∈ F , then ch(F ) ∈ [0,s] = [0,s], so ch(F ) ≤ s. This establishes the(≤)-part of (5). Assume next
that ch(F )< inf{s| [0,s]∈F}. Then there is somer ∈ [0,1] with ch(F )< r < inf{s| [0,s] ∈F}. Then
[0, r] is not inF , so that¬[0, r] = (r,1] ∈F . But this means ch(F ) ∈ (r,1) = [r,1], which is impossible.

Notice that (5) can be strengthened to: ch(F ) = inf{s∈ [0,1]∩Q | [0,s] ∈ F}.
The second important result about compact Hausdorff spacesis as follows.

Theorem 2(Gelfand). CH ≃C∗-Algop, i.e. the categoryCH of compact Hausdorff spaces is equivalent
to the opposite of the category of commutative C∗-algebras.

This paper presents probabilistic analogues of these two basic results (Theorems 1 and 2), involving
convexcompact Hausdorff spaces (see Theorem 6).

2.3 The continuation monad

The so-called continuation monad is useful in the context ofprogramming semantics, where it is em-
ployed for a particular style of evaluation. The monad starts from a fixed setC and takes the “double
dual” of a set, whereC is used as dualizing object. Hence we first form a functorC : Sets→ Setsby:

C (X) = C(CX) and C
(
X

f
→Y

)
= λh∈C(CX).λg∈CY.h(g ◦ f ).
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This functorC forms a monad via:

X
η // C(CX) C

(
C

(
C(C

X )
))

µ // C(CX)

x ✤ // λg∈CX.g(x) H ✤ // λg∈CX.H
(
λk∈C(CX).k(g)

)
.

The following folklore result will be useful in the present context.

Lemma 3. Let T: Sets→ Setsbe an arbitrary monad andC (X) =C(CX) be the continuation monad on
a set C. Then there is a bijective correspondence between:

T(C) a // C Eilenberg-Moore algebras
===========

T σ
+3 C maps of monads.

Proof First, given an algebraa: T(C)→C defineσX : T(X)→C(CX) by:

σX(u)(g) = a
(
T(g)(u)

)
.

Conversely, given a map of monadsσ : T ⇒C(C(−)), define as algebraa: T(C)→C,

a(u) = σC(u)(idC). �

TakingC = 2= {0,1} to be the two-element set, yields as associated continuation monadC (X) =
2(2

X) ∼= P(P(X)), the double-powerset monad. For a functionf : X → Y we have a mapP2(X) →
P2(Y), by functoriality, given by double inverse image:U ⊆P(X) 7−→ ( f−1)−1(U)= {V ⊆Y | f−1(V)∈
U}.

It is not hard to see that the inclusion maps:

UF (X)
(3)
∼=

// BA(2X,2) �
� // 2(2

X)

form a map of monads, from the ultrafilter monad to the continuation monad (with constantC = 2).

2.4 Monads from composable adjunctions

It is well-known, seee.g.[29, Ch. VI] that each adjunctionF ⊣ G gives rise to a monadGF. The expec-
tation monad arises from a slightly more complicated situation, involving two composable adjunctions.
This situation is captured abstractly in the following result.

Lemma 4. Consider two composable adjunctions F⊣ G and H⊣ K in a situation:

A
F

((

T=GF

��

S=GKHF

EE ⊥ B
G

hh

H
((

⊥ C
K

hh

with monads T= GF induced by the adjunction F⊣ G and S= GKHF induced by the (composite)
adjunction HF⊣ GK.
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Then there is a map of monads T⇒ S given by the unitη of the adjunction H⊣ K in:

T = GF
GηH⊣KF // GKHF = S. (6)

It gives rise a functorAlg(S)→ Alg(T) between the associated categories of Eilenberg-Moore algebras,
and thus to a commuting diagram:

C

K
��

// Alg(S)

(−)◦GηF
��

B

G !!❈
❈❈

❈❈
❈❈

// Alg(T)

Uzzttt
tt
tt
t

A

(7)

where the horizontal arrows are the so-called comparison functors.

Proof Easy. We unravel the relevant ingredients for future use. The unit and counit of the composite
adjunctionHF ⊣ GK are:

ηHF⊣GK = GηH⊣KF ◦ ηF⊣G : id =⇒ GKHF = S

εHF⊣GK = εH⊣K ◦ HεF⊣GK : HFGK =⇒ id.

This means that the monadsT andShave multiplications:

µT = GεF⊣GF : T2 = FGFG=⇒ FG= T

µS = GKεH⊣KHF ◦ GKHεF⊣GKHF : S2 = GKHFGKHF=⇒ GKHF = S.

The comparison functorKT : B → Alg(T) is:

KT(X) =
(
TGX= GFGX

G(εF⊣G
X )

−−−−→ GX
)
.

Similarly, KS: A → Alg(S) is:

KS(Y) =
(
SGKY= GKHFGKY

GK(εH⊣K
Y )◦GKH(εF⊣G

KY )
−−−−−−−−−−−−−→ GKY

)
. �

Remark 1. Later on in Section 8 we will construct a left adjoint to the comparison functorC → Alg(S)
in (7). It is already almost there, in this abstract situation, using the composite adjunctionHF ⊣ KG.
However, suitable restrictions have to used, which cannot be expressed at this abstract level. In the more
concrete setting described below, the adjunctionH ⊣ K is of a special kind, involving a dualizing object.

The composable adjunctions that form the basis of the expectation monad are:

Sets
D

++
⊥ Alg(D)

U

kk

Conv(−,[0,1])
,,

⊥ EModop

EMod(−,[0,1])

kk

Conv

(8)

The adjunction on the left is the standard adjunction between a category of algebrasAlg(D) of the
distribution monad (see Subsection 2.1) and its underlyingcategory. The adjunction on the right will be
described in the next section.
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3 Effect modules

This section introduces the essentials of effect modules and refers to [19, 21] for further details. Intu-
itively, effect modules are vector spaces, not with the realor complex numbers as scalars, but with scalars
from the unit interval[0,1]⊆R. Also, the addition operation+ on vectors is only partial; it is written as
>. These effect modules occur in [32] under the name ‘convex effect algebras’.

More precisely, an effect module is aneffect algebra Ewith an action[0,1]⊗E → E for scalar
multiplication. An effect algebraE carries both:

• a partial commutative monoid structure(0,>); this means that> is a partial operationE×E → E
which is both commutative and associative, taking suitablyaccount of partiality, with 0 as neutral
element;

• an orthosupplement(−)⊥ : E → E. One writesx ⊥ y if the sumx> y is defined;x⊥ is then the
unique element withx>x⊥ = 1, where 1= 0⊥; furtherx⊥ 1 holds only forx= 0.

These effect algebras carry a partial order given byx≤ y iff x> z= y, for some elementz. Thenx⊥ y
iff x≤ y⊥ iff y≤ x⊥. The unit interval[0,1] is the prime example of an effect algebra with partial sum
r >s= r +s if r +s≤ 1; thenr⊥ = 1− r.

A homomorphismf : E→D of effect algebras satisfiesf (1) = 1 and: ifx⊥ x′ in E, then f (x)⊥ f (x′)
in D and f (x> x′) = f (x)> f (x′). It is easy to deduce thatf (x⊥) = f (x)⊥ and f (0) = 0. This yields a
category, written asEA. It carries a symmetric monoidal structure⊗ with the 2-element effect algebra
{0,1} as tensor unit (which is at the same time the initial object).The usual multiplication of real
numbers (probabilities in this case) yields a monoid structure on[0,1] in the categoryEA. An effect
moduleis then an effect algebra with an[0,1]-action [0,1]⊗E → E. Explicitly, it can be described as a
scalar multiplication(r,x) 7→ rx satisfying:

1x = x (r +s)x = rx+sx if r +s≤ 1

(rs)x = r(sx) r(x>y) = rx> ry if x⊥ y.

In particular, ifr +s≤ 1, then a sumrx>syalways exists (see [32]).

Example 2. The unit interval[0,1] is again the prime example, this time for effect modules. Butalso, for
an arbitrary setX, the set[0,1]X of all functionsX → [0,1] is an effect module, with structure inherited
pointwise from[0,1]. Another example, occurring in integration theory, is the set [X →s [0,1]] of simple
functionsX → [0,1], having only finitely many output values (also known as ‘stepfunctions’).

A morphismE → D in the categoryEMod of such effect modules is a functionf : E → D between
the underlying sets satisfying:

f (rx) = r f (x) f (1) = 1 f (x>y) = f (x)> f (y) if x⊥ y.

We now come to the dual adjunction mentioned in the previous section (see [21] for more informa-
tion).

Proposition 5. For each effect module E the homsetEMod(E, [0,1]) is a convex set. In the other direc-
tion, each convex set X gives rise to an effect moduleConv(X, [0,1]). This gives the adjunction on the
right in (8), with [0,1] as dualizing object
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The effect algebra structure on the setConv(X, [0,1]) of affine maps to[0,1] is obtained pointwise:
f >g is defined iff (x)+g(x)≤ 1 for all x∈X, and in that casef >gatx∈X is f (x)+g(x). The orthosup-
plement is also obtained pointwise:( f⊥)(x) = 1− f (x). Scalar multiplication is done similarly(r f )(x) =
r( f (x)). In the reverse direction, each effect moduleE gives rise to a convex setEMod(E, [0,1]) of ho-
momorphisms, with pointwise convex sums. The adjunctionConv(−, [0,1]) ⊣ EMod(−, [0,1]) arises in
the standard way, with unit and counit given by evaluation.

3.1 Totalization

In this section we prove that the category of effect modules is equivalent to the category of certain ordered
vector spaces. For this we extend a result for effect algebras from [21]. We recall the basics below but
for details and proofs we refer to that paper. The idea is thatthe partial operation> of effect algebras
and effect modules is rather difficult to work with; therefore we develop an embedding into structures
with total operations.

The first result we need is the following one from [21].

Proposition 6. There is a coreflection

EA
To

⊥
,,
BCM

Pa

kk (9)

whereBCM is the category of “barred commutative monoids”: its objects are pairs(M,u), where M is
a commutative monoid and u∈ M is a unit such that x+ y= 0 implies x= y= 0 and x+ y= x+ z= u
implies y= z. The morphisms inBCM are monoid homomorphisms that preserve the unit. As this is a
coreflection every effect algebra E is isomorphic toPaTo(E). �

The partialization functorPa in (9) is defined by:

Pa(M,u) = {x∈ M | x� u},

wherex� y iff there exists azsuch thatx+z= y. The operation> is defined byx>y= x+y but this is
only defined ifx+y� u, i.e. x+y∈ Pa(M,u).

The totalization functorTo in (9) is defined as:

To(E) = (M (E)/∼, 1·1E ),

whereM (E) is the free commutative monoid onE, consisting of all finite formal sumsn1 ·x1+ · · ·+nm ·
xm, with ni ∈ N andxi ∈ E. Here we identify sums such as 1· x+2 · x with 3 · x. And ∼ is the smallest
monoid congruence such that 1·x+1·y∼ 1· (x>y) wheneverx>y is defined.

Example 3. Totalization of the truth values{0,1} ∈ EA and of the probabilities[0,1] ∈ EA yields the
natural numbers and the non-negative reals:

To({0,1}) ∼= N and To([0,1]) ∼= R≥0.

Recall that an effect moduleE is just an effect algebra together with a scalar product[0,1]⊗E → E.
Now it turns out thatTo is a strong monoidal functor, and as a resultTo(E) ∈ BCM comes equipped
with a scalar productR≥0⊗To(E)→ To(E). This gives the monoidTo(E) the structure of a positive
cone of some partially ordered vector space. To make this exact we give the following definition.
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Construct a categoryConeuas follows: its objects are pairs(M,u) whereM is a commutative monoid
equipped with a scalar product• : R≥0×M → M andu∈ M such that the following axioms hold.

1•x = x (r +s)•x = r •x+s•

(rs)•x = r • (s•x) r • (x+y) = r •x+ r •y

x+y = 0 implies x= y= 0 x+y = x+z = u implies y= z,

and for allx∈ M there exists ann∈N such thatx� n•u. Because of this last property we callu astrong
unit. The morphisms ofConeuare monoid homomorphisms that respect both the scalar multiplication
and the unit.

We can then extend the coreflectionTo ⊣ Pa to the categoriesEMod andConeu. This will actually
be an equivalence of categories. To prove this we first need anauxiliary result.

Lemma 7. If M ∈ Coneuthen the cancelation law holds in M.

Proof Let x,y,z∈ M and supposex+ y = x+ z. Sinceu is a strong unit we can find ann such that
x+y� nu. Therefore

1
n •x+ 1

n •y = 1
n •x+ 1

n •z � u.

Hence we can find an elementw∈M such that1n •x+ 1
n •y+w= 1

n •x+ 1
n •z+w= u. Then1

n •y= 1
n •z.

And thusy= ∑n
i=1

1
n •y= ∑n

i=1
1
n •z= z. �

An immediate consequence is that the preorder� is a partial order; thus we shall write≤ instead of
� from now on.

Lemma 8. The coreflectionTo ⊣ Pa betweenEMod andConeu is an equivalence of categories.

Proof We only need to show that the counit of the adjunctionTo ⊣ Pa is an isomorphism. So let
M ∈ Coneu; a typical element ofToPa(M) is an equivalence class of formal sums like∑nixi where
ni ∈ N andM ∋ xi ≤ u. The counitε sends the class represented by this formal sum to its interpretation
as an actual sum inM.

To show thatε is surjective supposex∈ M. We can find a natural numbern such thatx≤ nu so that
1
n •x≤ u. This gives us:

x = n· (1
n •x) = ε(n(1

n •x)).

To prove injectivity suppose thatε(∑nixi) = ε(∑k jy j). DefineN = ∑ni +∑k j , so that:

∑ni · (
1
N •xi) = ε(∑ni(

1
N •xi)) = ε( 1

N • (∑nixi)) = 1
N • ε(∑nixi) = 1

N • ε(∑k jy j) = ∑k j(
1
N •y j).

BecauseN is sufficiently large, the terms>i ni · (
1
N •xi) and> j k j · (

1
N •y j) are both defined inPaM and

by the previous calculation they are equal. This means that∑ni(
1
N •xi) and∑k j(

1
N •yk) represent equal

elements ofToPaM and therefore the equation

∑nixi = N• (∑ni(
1
N •xi)) = N• (∑k j(

1
N •y j)) = ∑k jy j .

holds inPaToM. �

From positive cones it is but a small step to partially ordered vector spaces. Define a category
poVectu as follows; the objects are partially ordered vector spacesoverR with a strong order unitu,
i.e. a positive elementu ∈ V such that for anyx ∈ V there is a natural numbern with x ≤ nu. The
morphisms inpoVectuare linear maps that preserve both the order and the unit.
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Theorem 3. The categoryEMod is equivalent topoVectu.

Proof We will prove thatConeu is equivalent topoVectu; the result then follows from lemma 8.
The functorF : poVectu→ Coneu takes the positive cone of a partially ordered vector space.The

construction ofG: Coneu→ poVectu is essentially just the usual construction of turning a cancellative
monoid into a group.

In somewhat more detail: ifM ∈ Coneu then defineG(M) = (M ×M)/ ∼ where∼ is defined by
(x,y) ∼ (x′,y′) iff x+ y′ = y+ x′. We write [x,y] for the equivalence class of(x,y) ∈ M×M. Addition
is defined by[x,y] + [x′,y′] = [x+ x′,y+ y′]. If α ∈ R we defineα • [x,y] as follows. If α ≥ 0 then
α [x,y] = [α • x,α • y] and if α < 0 thenα [x,y] = [−α • y,−α • x]. It’s easy to check thatG(M) is
indeed a vector space. Moreover,G(M) is partially ordered by[x,y]≤ [x′,y′] iff x+y′ ≤ y+x′, and[u,0]
is its strong unit.

It’s easy to see that both constructions can be made functorial and that this gives an equivalence of
categories. �

We write T̂o : EMod ⇆ poVectu : P̂a for this equivalence. For a partially ordered vector spaceV
with a strong unitu the effect moduleP̂a(V) consists of all elementsx such that 0≤ x≤ u. With this
equivalence of categories in hands we can apply techniques from linear algebra to effect modules. Below
we translate some properties of partially ordered vector spaces to the language of effect modules. We
need these results later on.

If V ∈ poVectuand the unitu is Archimedean—in the sense thatx≤ ru for all r > 0 impliesx≤ 0—
thenV is called anorder unit space. The Archimedean property of the unit can be used to define a norm
‖x‖ = inf{r ∈ [0,1] | − ru ≤ x≤ ru}. We denote byOUS the full subcategory ofpoVectu consisting of
all order unit spaces.

This Archimedean property can also be expressed on the effect module level but some caution is
required as effect modules contain no elements less than 0 and sums may not be defined. The following
formulation works: an effect module is said to be Archimedean if x≤ y follows from 1

2x≤ 1
2y>

r
21 for

all r ∈ (0,1]. All Archimedean effect modules form a full subcategoryAEMod →֒ EMod. Of course
with this definition comes a theorem.

Proposition 9. The equivalencepoVectu ≃ EMod, between partially ordered vector spaces with a
strong unit and effect modules, restricts to an equivalenceOUS≃ AEMod , between order unit spaces
and Archimedean effect modules.

Proof We only check that ifE ∈ AEMod then its totalization satisfieŝTo(E) ∈ OUS; the rest is left to
the reader. SupposeE ∈ AEMod andx ∈ T̂o(E) is such thatx ≤ ru for all r ∈ (0,1]. The trick is to
transformx into an element in the unit interval[0,u] ∼= E. Sinceu is a strong unit we can find a natural
numbern such thatx+nu≥ 0, and again using the fact thatu is a strong unit we can find a positive real
numbers< 1 such thatsx+nsu≤ u. Hencesx+nsu∈ [0,u]∼= E. Now, for r ∈ (0,1] we havesx≤ x≤ ru
and sos

2x+ ns
2 u≤ ns

2 u+ r
2u. Thus, by the Archimedean property ofE, we getsx+ nsu≤ nsu. Hence

sx≤ 0 and thereforex≤ 0. �

SinceE ∈ AEMod is isomorphic to the unit interval of its totalization̂To(E), E inherits a metric
from the normed spacêTo(E). This metric can be described wholly in terms ofE. However the partial
addition does force us into a somewhat awkward definition: for x,y∈ E their distanced(x,y) ∈ [0,1] can
be defined as:

d(x,y) = max
(

inf{r ∈ (0,1] | 1
2x≤ 1

2y>
r
21}, inf{r ∈ (0,1] | 1

2y≤ 1
2x>

r
21}

)
. (10)

A trivial consequence is the following lemma.
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Lemma 10. A map of effect modules f: M → M′ between Archimedean effect modules M,M′ is auto-
matically non-expansive: d′( f (x), f (y)) ≤ d(x,y), for all x,y∈ M. �

Of particular interest later in this paper are Archimedean effect modules that are complete in their
metric. We call theseBanach effect modulesand denote byBEMod the full subcategory of all Banach
effect modules. The previous lemma implies that each map inBEMod is automatically continuous.

Since an order unit space is complete in its metric if and onlyif its unit interval is complete we get
the following result.

Proposition 11. The equivalences from Proposition 9 restrict further to an equivalence between Banach
effect modules and the full subcategoryBOUS →֒ OUS of those order unit spaces that are also Banach
spaces:

BOUS� _

��

≃ // BEMod� _

��
OUS� _

��

≃ // AEMod� _

��
poVectu ≃

V 7→([0,u]⊆V)
// EMod

Proof Like in the proof of Proposition 9 one transforms a Cauchy sequence inT̂o(E) into a sequence in
[0,u] ∼= E. �

Example 4. We review Example 2: both the effect modules[0,1] and[0,1]X are Archimedean, and also
Banach effect modules. Norms and distances in[0,1] are the usual ones, but limits in[0,1]X are defined
via the supremum (or uniform) norm: forp∈ [0,1]X , we have:

‖p‖ = inf{r ∈ [0,1] | p≤ r ·u} whereu is the constant functionλx.1

= inf{r ∈ [0,1] | ∀x∈ X. p(x) ≤ r}

= sup{p(x) | x∈ X}

= ‖p‖∞.

The latter notation‖p‖∞ is common for this supremum norm. The associated metric on[0,1]X is accord-
ing to (10):

d(p,q) = max
(

inf{r ∈ (0,1] | ∀x∈ X. 1
2 p(x) ≤ 1

2q(x)+ r
2},

inf{r ∈ (0,1] | ∀x∈ X. 1
2q(x) ≤ 1

2 p(x)+ r
2}
)
.

= max
(

sup{p(x)−q(x) | x∈ X with p(x)≥ q(x)},

sup{q(x)− p(x) | x∈ X with p(x)≤ q(x)}
)

= sup{|p(x)−q(x)| | x∈ X}

= ‖p−q‖∞.

Recall that the subset[X →s [0,1]] ⊆ [0,1]X of simple functions contains thosep∈ [0,1]X that take
only finitely many values,i.e. for which the set{p(x) | x ∈ X} is finite. If we write{p(x) | x ∈ X} =
{r1, . . . , rn} ⊆ [0,1], then we obtainn disjoint non-empty setsXi = {x∈ X | p(x) = r i} coveringX. For a
subsetU ⊆ X, let 1U : X → [0,1] be the corresponding “characteristic” simple function, with 1U(x) = 1
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iff x∈U and1U (x) = 0 iff x 6∈U . Hence we can write such a simple functionp in a normal form in the
effect module[X →s [0,1]] of simple functions, namely as finite sum of characteristic functions:

p = >i r i ·1Xi . (11)

Hence‖p‖= max{r1, . . . , rn}. These simple functions do not form a Banach effect module, since simple
functions are not closed under countable suprema.

Lemma 12. The inclusion of simple functions on a set X is dense in the Banach effect module of all fuzzy
predicates on X:

[X →s [0,1]] // dense // [0,1]X

Explicitly, each predicate p∈ [0,1]X can be written as limit p= lim
n→∞

pn of simple functions pn ∈ [0,1]X

with pn ≤ p.

Proof Define for instance:

pn(x) = 0.d1d2 · · ·dn where di = the i-th decimal ofp(x) ∈ [0,1].

Clearly, pn is simple, because it can take at most 10n different values, sincedi ∈ {0,1, . . . ,9}. Also, by
construction,pn ≤ p. For eachε > 0, takeN ∈ N such that for all decimalsdi we have:

0.00· · ·00︸ ︷︷ ︸
N times

d1d2d3 · · · < ε .

Then for eachn≥ N we havep(x)− pn(x)< ε , for all x∈ X, and thusd(p, pn)≤ ε . �

3.2 Hahn-Banach style extension for effect modules

In this subsection we look at a form of Hahn-Banach theorem for effect modules. We need the following
version of the Hahn-Banach extension theorem for partiallyordered vector spaces.

Proposition 13. Let E be a partially ordered vector space and let F⊆ E be a cofinal subspace (i.e. for
all x ∈ E, x≥ 0 there is y∈ F with x≤ y). Suppose f: F →R is a monotonic linear function. Then there
is a monotonic linear function g: E → R with g|F = f in:

F

f ""❊
❊❊

❊❊
❊❊

� � // E
∃g
��✤
✤

R

Proof We definep: E → R by:

p(x) = inf{ f (y) | y∈ F andy≥ x}.

Notice thatp(x) is finite since we can findy,y′ ∈ F with y ≤ x ≤ y′ becauseF is cofinal. We need to
check thatp is sublinear. So letx,x′ ∈ E andε > 0 then we can findy,y′ ∈ F with y≥ x,y′ ≥ x′, such
that f (y) < p(x)+ ε > 0 and f (y′)< p(x′)+ ε > 0. Therefore:

p(x+x′) ≤ f (y+y′) = f (y)+ f (y′) < p(x)+ p(x′)+2ε > 0.
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Also for r > 0 it is obvious thatp(r ·x) = r · p(x).
Having established thatp is sublinear we note that fory∈ F we havep(y) = f (y) since f is mono-

tonic. Hence we can apply the standard (dominated) extension version of Hahn-Banach to find a linear
functiong: E →R with g< p andg|F = f . Since ifx≤ 0 thenp(x)≤ 0 because 0∈ F , hence it follows
thatg is monotonic. �

This version translates effortlessly to effect modules

Proposition 14. Let E be an effect module and F⊆ E a sub effect module of E. Suppose f: F → [0,1]
is an effect module map, then there is an effect module map g: E → [0,1] with g|F = E.

Proof We translate effect modules to order unit spaces and apply the previous result. Sinceu∈ T̂o(F)
it’s clear thatT̂o(F) is cofinal in T̂o(E). Hence using the previous proposition we can extendT̂o( f )
to h: T̂o(E) → R. Hence by restriction to unit intervals[0,u], both inT̂o(E) and inR we get the map
g: E → [0,1] that we are looking for. �

Unfortunately the class of effect module morphisms is too limited to get a full version of the separa-
tion theorem. Consider for exampleE = [0,1]2 with the two compact convex subsetsC1 = {(r, 1

2+ r) | r ∈
[0, 1

2]} andC2 = {(1
2 + r, r) | r ∈ [0, 1

2]}. If f : E → [0,1] is an effect module morphism then the image
f (C1) is the interval[ f (0, 1

2), f (1
2,1)], and sincef (1

2,
1
2) =

1
2 it follows that this interval has length12.

Analogously the intervalf (C2) is also an interval of length12 so the two must overlap.

4 The expectation monad

We now apply Lemma 4 to the composable adjunctions in (8) and take a first look at the results. In
particular, we investigate different ways of describing the expectation monadE that arises in this way.

Of the two monads resulting from applying Lemma 4 to the composable adjunctions in Diagram (8),
the first one is the well-known distribution monadD on Sets, arising from the adjunctionSets⇆
Alg(D) = Conv. The second monad onSetsarises from the composite adjunctionSets⇆ EModop

is less familiar (see Section 10 for more information and references). It is what we call theexpectation
monad, written here asE . Following the description in Lemma 4 this monad is:

X 7−→ EMod
(

Conv
(
D(X), [0,1]

)
, [0,1]

)
.

SinceD : Sets→ Alg(D) = Conv is the free algebra functor, the homsetConv(D(X), [0,1]) is isomor-
phic to the set[0,1]X of all mapsX → [0,1] in Sets. Elements of this set[0,1]X can be understood as
fuzzy predicates onX. As mentioned, they form a Banach effect module via pointwise operations. Thus
we describe the expectation monadE : Sets→ Setsas:

E (X) = EMod
(
[0,1]X , [0,1]

)

E
(
X

f
−→Y

)
= λh∈ E (X).λ p∈ [0,1]Y.h(p ◦ f ).

(12)

The unitηX : X → E (X) is given by:

ηX(x) = λ p∈ [0,1]X . p(x).

And the multiplicationµX : E 2(X)→ E (X) is given onh: [0,1]E (X) → [0,1] in EMod by:

µX(h) = λ p∈ [0,1]X .h
(

λk∈ E (X).k(p)
)
.
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It is not hard to see thatη(x) andµ(h) are homomorphisms of effect modules. We check explicitly that
theµ-η laws hold and leave the remaining verifications to the reader. Forh∈ E (X),

(
µX ◦ ηE (X)

)
(h) = µX

(
ηE (X)(h)

)

= λ p∈ [0,1]X .ηE (X)(h)
(
λk∈ E (X).k(p)

)

= λ p∈ [0,1]X .
(
λk∈ E (X).k(p)

)
(h)

= λ p∈ [0,1]X .h(p)

= h
(
µX ◦ E (ηX)

)
(h) = µX

(
E (ηX)(h)

)

= λ p∈ [0,1]X .E (ηX)(h)
(
λk∈ E (X).k(p)

)

= λ p∈ [0,1]X .h
(
(λk∈ E (X).k(p)) ◦ ηX

)

= λ p∈ [0,1]X .h
(
λx∈ X.ηX(x)(p)

)

= λ p∈ [0,1]X .h
(
λx∈ X. p(x)

)

= λ p∈ [0,1]X .h(p)

= h.

Remark 2. (1) We think of elementsh∈ E (X) as measures. Later on, in Theorem 4, it will be proven
thatE (X) is isomorphic to the set of finitely additive measuresP(X)→ [0,1] onX. The applicationh(p)
of h∈ E (X) to a functionp∈ [0,1]X may then be understood as integration

∫
pdh, giving the expected

value of the stochastic variable/predicatep for the measureh.
(2) The descriptionE (X) = EMod

(
[0,1]X , [0,1]

)
of the expectation monad in (12) bears a certain

formal resemblance to the ultrafilter monadUF from Subsection 2.2. Recall from (3) that:

UF (X) ∼= BA
(
{0,1}X , {0,1}

)
.

Thus, the expectation monadE can be seen as a “fuzzy” or “probabilistic” version of the ultrafilter
monadUF , in which the set of Booleans{0,1} is replaced by the set[0,1] of probabilities. The relation
between the two monads is further investigated in Section 5.

(3) Using the equivalencepoVectu≃ EMod from Proposition 9 via totalization we may equivalently
describe the expectation monad as the homset:

E (X) ∼= poVectu
(
RX, R

)
.

It contains the linear monotone functionsRX → R that send the unitλx.1∈RX to 1∈ R.

The following result is not a surprise, given the resemblance between the unit and multiplication for
the expectation monad and the ones for the continuation monad (see Subsection 2.3).

Lemma 15. The inclusion maps:

E (X) = EMod
(
[0,1]X , [0,1]

)
� � // [0,1]([0,1]

X )

form a map of monads, from the expectation monad to the continuation monad (with the set[0,1] as
constant). �
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We conclude with an alternative description of the setsE (X), in terms of finitely additive measures,
described as effect algebra homomorphisms. It also occurs as [18, Cor. 4.3].

Theorem 4. For each set X there is a bijection:

E (X) = EMod
(
[0,1]X , [0,1]

) Φ
∼=

// EA
(
P(X), [0,1]

)

given byΦ(h)(U) = h(1U ).

Proof We first check thatΦ is injective: assumeΦ(h) = Φ(h′), for h,h′ ∈ E (X). We need to show
h(p) = h′(p) for an arbitraryp∈ [0,1]X . We first proveh(q) = h′(q) for a simple functionq∈ [0,1]X .
Recall that such a simpleq can be written asq=>i r i1Xi , like in (11), where the (disjoint) subsetsXi ⊆ X
coverX. Sinceh,h′ ∈ E (X) are maps of effect modules we get:

h(q) = ∑i r ih(1Xi ) = ∑i r iΦ(h)(Xi) = ∑i r iΦ(h′)(Xi) = ∑i r ih′(1Xi ) = h′(q).

For an arbitraryp∈ [0,1]X we first writep= limn pn as limit of simple functionspn like in Lemma 12.
Lemma 10 implies thath,h′ are continuous, and so we geth= h′ from:

h(p) = limnh(pn) = limn h′(pn) = h′(p).

For surjectivity ofΦ assume a finitely additive measurem: P(X) → [0,1]. We need to define
a functionh ∈ E (X) with Φ(h) = m. We define such ah first on a simple functionq = >i r i1Xi as
h(q) = ∑i r im(Xi). For an arbitraryp ∈ [0,1]X , written asp = limn pn, like in Lemma 12, we define
h(p) = limnh(pn). ThenΦ(h) = m, since forU ⊆ X we have:

Φ(h)(U) = h(1U ) = m(U). �

The inverseh = Φ−1(m) that is constructed in this proof may be understood as an integral h(p) =∫
pdm. The precise nature of the bijectionΦ remains unclear at this stage since we have not yet identified

the (algebraic) structure of the setsE (X). But via this bijection we can understand mapping a set to its
finitely additive measures,i.e. X 7→ EA(P(X), [0,1]), as a monad.

Yet another perspective is useful in this context. The characteristic function mapping:

[0,1]×P(X) // [0,1]X given by (r,U) ✤ // r ·1U

is a bihomomorphism of effect modules. Hence it gives rise toa map of effect modules[0,1]⊗P(X)→
[0,1]X , where the tensor product[0,1]⊗P(X) forms a more abstract description of the effect module of
simple (step) functions[X →s [0,1]] from Lemma 12 (see also [18, Thm. 5.6]). Lemma 12 says that this
map is dense. This gives a quick proof of Theorem 4:

E (X) = EMod
(
[0,1]X , [0,1]

)

∼= EMod
(
[0,1]⊗P(X), [0,1]

)
by denseness

∼= EA
(
P(X), [0,1]

)
.

This last isomorphism is standard, because[0,1]⊗P(X) is the free effect module onP(X).
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5 The expectation and ultrafilter monads

In this section we show that the setsE (X) carry a compact Hausdorff structure and we identify its
topology. The unit interval[0,1] plays an important role. It is a compact Hausdorff space, which means
that it carries an algebra of the ultrafilter monad, see Subsection 2.2. We shall write this algebra as
ch= ch[0,1] : UF ([0,1]) → [0,1]. What this map precisely does is described in Example 1; but mostly
we use it abstractly, as anUF -algebra. The technique we use to define the following map of monads is
copied from Lemma 3.

Proposition 16. There is a map of monadsτ : UF =⇒ E , given on an ultrafilterF ∈ UF (X) and
p∈ [0,1]X by:

τX(F )(p) = ch
(
UF (p)(F )

)

= inf{s∈ [0,1] | [0,s] ∈ UF (p)(F )} by (5)

= inf{s∈ [0,1] | {x∈ X | p(x) ≤ s} ∈ F}.

In this description the functorUF is applied to p, as function X→ [0,1], giving UF (p) : UF (X) →
UF ([0,1]).

Proof We first have to check thatτ is well-defined,i.e. that τX(F ) : [0,1]X → [0,1] is a morphism of
effect modules.

• PreservationτX(F )(r · p) = r · pτX(F ) of multiplication with scalarr ∈ [0,1]. This follows by
observing that multiplicationr · (−) : [0,1]→ [0,1] is a continuous function, and thus a morphism
of algebras in the square below.

UF ([0,1])
UF (r ·(−)) //

ch
��

UF ([0,1])

ch
��

[0,1]
r ·(−)

// [0,1]

Thus:
τ(F )(r · p) =

(
ch◦ UF (r · (−) ◦ p)

)
(F )

=
(
r · (−) ◦ ch◦ UF (p)

)
(F ) = r · τ(F )(p).

• Preservation of>, is obtained in the same manner, using that addition+ : [0,1]× [0,1] → [0,1] is
continuous.

• Constant functionsλx.a∈ [0,1]X , including 0 and 1, are preserved:

τX(F )(λx.a) = ch
(
UF (λx.a)(F )

)

= ch
(
{U ∈ P([0,1]) | (λx.a)−1(U) ∈ F}

)

= ch
(
{U ∈ P([0,1]) | {x∈ X | a∈U} ∈ F}

)

= ch
(
{U ∈ P([0,1]) | a∈U}

)
since /06∈ F

= ch(η(a))

= a.
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We leave naturality ofτ and commutation with units to the reader and check thatτ commutes with
multiplications µE and µUF of the expectation and ultrafilter monads. Thus, forA ∈ UF 2(X) and
p∈ [0,1]X , we calculate:

(
µE ◦ τ ◦ UF (τ)

)
(A )(p) = µ

(
τ
(
UF (τ)(A )

)))
(p)

= τ
(
UF (τ)(A )

)(
λk.k(p)

)

= ch
(
UF (λk.k(p))

(
UF (τ)(A )

))

= ch
(
UF (λF .τ(F )(p))(A )

))

= ch
(
UF (λF .ch(UF (p)(F )))(A )

))

= ch
(
UF (ch◦ UF (p))(A )

))

=
(
ch◦ UF (ch◦ UF (p))

)
(A )

=
(
ch◦ UF (ch) ◦ UF 2(p)

)
(A )

=
(
ch◦ µUF ◦ UF 2(p)

)
(A )

=
(
ch◦ UF (p) ◦ µUF

)
(A )

= ch
(
UF (p)(µUF (A ))

)

=
(
τ ◦ µUF

)
(A )(p). �

Corollary 17. There is a functorAlg(E ) → Alg(UF ) = CH, by pre-composition:
(
E (X)

α
−→ X

)
7−→(

UF (X)
α◦τ
−−→ X

)
. This functor has a left adjoint by Lemma 1.

In particular, the underlying set X of eachE -algebraα : E (X) → X carries a compact Hausdorff
topology, with U⊆ X closed iff for eachF ∈ UF (X) with U ∈ F one hasα(τ(F )) ∈U, as described
in Subsection 2.2. �

With respect to this topology onE (X), several maps are continuous.

Lemma 18. The following maps are continuous functions.

UF (X)
τX // E (X) E (X)

α
algebra

// X E (X)
E ( f ) // E (Y) E (X)

evp=

λh.h(p)
// [0,1].

Proof One shows that these maps are morphisms ofUF -algebras. For instance,τX is continuous be-
cause it is a map of monads: commutation with multiplications, as required in (2), precisely says that it
is a map of algebras, in the square on the left below.

UF 2(X)

µX
��

UF (τX) // UF (E (X))

µX◦τE (X)
��

UF (E (X))

µX◦τE (X)
��

UF (α) // UF (X)

α◦τX
��

UF (X) τX
// E (X) E (X) α

// X

The rectangle on the right expresses that an Eilenberg-Moore algebraα : E (X) → X is a continuous
function. It commutes by naturality ofτ :

α ◦ τX ◦ UF (α) = α ◦ E (α) ◦ τE (X) = α ◦ µX ◦ τE (X).
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For f : X → Y, continuity ofE ( f ) : E (X) → E (Y) follows directly from naturality ofτ . Finally, for
p∈ [0,1]X the map evp = λh.h(p) : E (X)→ [0,1] is continuous because forF ∈ UF (E (X)),

(
evp ◦ µX ◦ τE (X)

)
(F ) = µX

(
τE (X)(F )

)
(p)

= τE (X)(F )(λk.k(p))

= τE (X)(F )(evp)

= ch
(
UF (evp)(F )

)

=
(
ch◦ UF (evp)

)
(F ). �

The next step is to give a concrete description of this compact Hausdorff topology on setsE (X), as
induced by the algebraUF (E (X))→ E (X).

Proposition 19. Fix a set X. For a predicate p∈ [0,1]X and a rational number s∈ [0,1]∩Q write:

�s(p) = {h∈ E (X) | h(p) > s}.

These sets�s(p)⊆ E (X) form a subbasis for the topology onE (X).

Proof We reason as follows. The subsets�s(p) are open in the compact Hausdorff topology induced on
E (X) by the algebra structureUF (E (X))→ E (X). They form a subbasis for a Hausdorff topology on
E (X). Hence by Lemma 2 this topology is the induced one. We now elaborate these steps.

The Eilenberg-Moore algebraUF (E (X)) → E (X) is given byµX ◦ τE (X). Hence the associated
closed setsU ⊆ E (X) are those satisfyingU ∈ F ⇒ µX(τE (X)(F )) ∈U , for eachF ∈ UF (E (X)), see
Subsection 2.2. We wish to show that¬�s(p) = {h | h(p)≤ s} ⊆ E (X) is closed. We reason backwards,
starting with the required conclusion.

µ(τ(F )) ∈ ¬�s(p) ⇐⇒ µ(τ(F ))(p) ≤ s

⇐⇒ ch
(
UF (λk.k(p))(F )

)
∈ [0,s]

sinceµ(τ(F ))(p) = τ(F )(λk.k(p)) = ch
(
UF (λk.k(p))(F )

)

⇐= [0,s] ∈ UF (λk.k(p))(F )

since[0,s]⊆ [0,1] is closed

⇐⇒ (λk.k(p))−1([0,s]) ∈ F

⇐⇒ {h∈ E (X) | h(p) ∈ [0,s]} = ¬�s(p) ∈ F .

Hence¬�s(p)⊆ E (X) is closed, making�s(p) open.
Next we need to show that these�s(p)’s give rise to a Hausdorff topology. So assumeh 6= h′ ∈ E (X).

Then there must be ap∈ [0,1]X with h(p) 6= h′(p). Without loss of generality we assumeh(p)< h′(p).
Find ans∈ [0,1]∩Q with h(p)< s< h′(p). Thenh′ ∈�s(p). Also:

h(p⊥) = 1−h(p) > 1−s > 1−h′(p) = h′(p⊥).

Henceh∈�1−s(p⊥). These sets�s(p) and�1−s(p⊥) are disjoint, since:k∈�s(p)∩�1−s(p⊥) iff both
k(p)> sand 1−k(p)> 1−s, which is impossible. �
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As is well-known, ultrafilters on a setX can also be understood as finitely additive measuresP(X)→
{0,1}. Using Theorem 4 we can express more precisely how the expectation monadE is a probabilistic
version of the ultrafilter monadUF , namely via the descriptions:

E (X) ∼= EA
(
P(X), [0,1]

)
and UF (X) ∼= EA

(
P(X),{0,1}

)
.

We haveEA
(
P(X),{0,1}

)
= BA

(
P(X),{0,1}

)
because in general, for Boolean algebrasB,B′ a ho-

momorphism of Boolean algebrasB→ B′ is the same as an effect algebra homomorphismB→ B′.

Lemma 20. The componentsτX : UF (X)→ E (X) are injections.

Proof Because there are isomorphisms:

UF (X)
≀

τX // E (X)
≀

EA
(
P(X),{0,1}

)
// // EA

(
P(X), [0,1]

) �

6 The expectation and distribution monads

We continue with the implications of Lemma 4 in the current situation, especially with the natural trans-
formation (6). This leads to convex structure on setsE (X).

Lemma 21. There is a map of monads:

σ : D =⇒ E given by σX(ϕ) = λ p∈ [0,1]X . ∑x ϕ(x) · p(x), (13)

where the dot· describes multiplication in[0,1].
All componentsσX : D(X) → E (X) are injections. And forfinite sets X the component at X is an

isomorphismD(X)
∼=−→ E (X).

With this result we have completed the positioning of the expectation monad in Diagram (1), in
between the distribution and ultrafilter monad on the hand, and the continuation monad on the other.

Proof By construction via (6) the natural transformationσ : D ⇒ E is a map of monads. Next, assume
X is finite, sayX = {x1, . . . ,xn}. Eachp∈ [0,1]X is determined by the valuesp(xi) ∈ [0,1]. Using the
effect module structure of[0,1]X , this p can be written as sum of scalar multiplications:

p = p(x1) ·1x1 > · · ·> p(xn) ·1xn,

where1xi : X → [0,1] is the characteristic function of the singleton{xi} ⊆ X. A map of effect modules
h∈ E (X) = EMod([0,1]X , [0,1]) will thus send such a predicatep to:

h(p) = h
(
p(x1) ·1x1 > · · ·> p(xn) ·1xn

)

= p(x1) ·h(1x1)+ · · ·+ p(xn) ·h(1xn),

since> is + in [0,1]. Henceh is completely determined by these valuesh(1xi ) ∈ [0,1]. But since
>i 1xi = 1 in [0,1]X we also have∑i h(1xi ) = 1. Henceh can be described by the convex sumϕ ∈ D(X)



164 The Expectation Monad

given byϕ(x) = h(1x). Thus we have a bijectionE (X) ∼= D(X). In fact, σX describes (the inverse of)
this bijection, since:

σX(ϕ)(p) = ∑i ϕ(xi) · p(xi)

= ∑i p(xi) ·h(1xi )

= h
(
>i p(xi) ·1xi

)

= h(p). �

Corollary 22. There is a functorAlg(E ) → Alg(D) = Conv, by pre-composition:
(
E (X)

α
−→ X

)
7−→(

D(X)
α◦σ
−−→ X

)
. It has a left adjoint by Lemma 1. �

Explicitly, for eachE -algebraα : E (X)→ X, the setX is a convex set, with sum of a formal convex
combination∑i r ixi given by the element:

α
(
σX(∑i r ixi)

)
= α

(
λ p∈ [0,1]X . ∑i r i · p(xi)

)
∈ X.

Lemma 21 implies that if the carrierX is finite, the algebra structureα corresponds precisely to such
convex structure onX. If X is non-finite we still have to find out whatα involves.

Here is another (easy) consequence of Lemma 21.

Corollary 23. On the first few finite sets: empty0, singleton1, and two-element2 one has:

E (0) ∼= 0 E (1) ∼= 1 E (2) ∼= [0,1].

The isomorphism in the middle says thatE is anaffine functor.

Proof The isomorphisms follow easily fromE (X)∼= D(X) for finite X. �

Remark 3. (1) The natural transformationσ : D ⇒ E from (13) implicitly uses that the unit interval
[0,1] is convex. This can be made explicit in the following way. Describe this convexity via an algebra
cv: D([0,1]) → [0,1]. Then we can equivalently describeσ as:

σX(ϕ)(p) = cv
(
D(p)(ϕ)

)
.

This alternative description is similar to the construction in Proposition 16, for a natural transformation
UF ⇒ E (see also Lemma 3).

(2) From Corollaries 17 and 22 we know that the setsE (X) are both compact Hausdorff and convex.
This means that we can take free extensions of the mapsτ : UF (X) → E (X) andσ : D(X) → E (X),
giving mapsD(UF (X))→ E (X) andUF (D(X))→ E (X), etc.The latter map is the composite:

UF (D(X))
UF (σ)// UF (E (X))

τ // E 2(X)
µ // E (X).

Using Example 1, it can be described more concretely onF ∈ UF (D(X)) andp∈ [0,1]X as:

inf{s∈ [0,1] | {ϕ ∈ D(X) | ∑x ϕ(x) · p(x)≤ s} ∈ F}.

The next result is the affine analogue of Lemma 18.

Lemma 24. The following maps are affine functions.

D(X) // σX // E (X) E (X)
α

algebra
// X E (X)

E ( f ) // E (Y) E (X)
evp=

λh.h(p)
// [0,1].
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Proof Verifications are done like in the proof of Lemma 18. We only dothe last one. We need to prove
that the following diagram commutes,

D(E (X))

µX◦σX
��

D(evp) // D([0,1])

cv
��

E (X) evp
// [0,1]

where the algebra cv interprets formal convex combinationsas actual combinations. For a distribution
Φ = ∑i r ihi ∈ D(E (X)) we have:

(
evp ◦ µ ◦ σ

)
(Φ) = µ

(
σ(Φ)

)
(p)

= σ(Φ)(evp)

= ∑i r i ·evp(hi)

= cv
(

∑i r ievp(hi)

= cv
(
D(evp)(∑i r ihi)

)

=
(
cv ◦ D(evp)

)
(Φ). �

The D-algebras obtained fromE -algebras turn out to be continuous functions. This connects the
convex and topological structures in such algebras.

Lemma 25. The mapsσX : D(X)  E (X) are (trivially) continuous when we provideD(X) with the
subspace topology with basic opens�s(p)⊆D(X) given by restriction:�s(p) = {ϕ ∈D(X) | ∑x ϕ(x) ·
p(x) > s}, for p∈ [0,1]X and s∈ [0,1]∩Q.

For eachE -algebraα : E (X)→ X the associatedD-algebraα ◦ σ : D(X)→ X is then also contin-
uous.

Proof Lemma 18 states thatE -algebrasα : E (X) → X are continuous. Henceα ◦ σ : D(X) → X, as
composition of continuous maps, is also continuous. �

The following property of the map of monadsD ⇒ E will play a crucial role.

Proposition 26. The inclusionsσX : D(X)  E (X) are dense: the topological closure ofD(X) is the
whole ofE (X).

Proof We need to show that for each non-empty openU ⊆ E (X) there is a distributionϕ ∈ D(X) with
σ(ϕ) ∈U . By Proposition 19 we may assumeU is of the formU =�s1(p1)∩·· · ∩�sm(pm), for certain
si ∈ [0,1]∩Q andpi ∈ [0,1]X . For convenience we do the proof form= 2. SinceU is non-empty there
is some inhabitanth∈ �s1(p2)∩�s2(p2). Thush(pi)> si . We claim there are simple functionsqi ≤ pi

with h(qi)> si .
In general, this works as follows. Ifh(p) > s, write p= limn pn for simple functionspn ≤ p, like in

Lemma 12. Thenh(p) = limnh(pn)> s. Henceh(pn)> s for some simplepn ≤ p.
In a next step we write the simple functions as weighted sum ofcharacteristic functions, like in (11).

Thus, let
q1 = > j r j1U j and q2 = >k tk1Vk,

where theseU j ⊆ X andVk ⊆ X form non-empty partitions, each coveringX. We form a new, refined
partition(Wℓ ⊆ X)ℓ∈L consisting of the non-empty intersectionsU j ∩Vj , and choosexℓ ∈Wℓ. Then:
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• ∑ℓh(1Wℓ
) = h(>ℓ1Wℓ

) = h(1X) = 1.

• There are subsetsL j ⊆ L so that eachU j ⊆ X can be written as disjoint unionU j =
⋃

ℓ∈L j
Wℓ.

• Similarly,Vk =
⋃

ℓ∈Lk
Wℓ for subsetsLk ⊆ L.

We take as distributionϕ = ∑ℓ∈L h(1Wℓ
)xℓ ∈ D(X). Thenσ(ϕ) ∈�si (pi). We do the proof fori = 1.

σ(ϕ)(p1) = ∑ℓ∈L ϕ(xℓ) · p1(xℓ)

≥ ∑ℓ∈L h(1Wℓ
) ·q1(xℓ)

= ∑ j ∑ℓ∈L j
h(1Wℓ

) ·q1(xℓ)

= ∑ j ∑ℓ∈L j
h(1Wℓ

) · r j

= ∑ j h(>ℓ∈L j 1Wℓ
) · r j

= ∑ j h(1U j ) · r j

= h(> j r j ·1U j )

= h(p1)

> s1. �

Corollary 27. Each mapUF (D(X))→ E (X), described in Example 3.(3), is onto (surjective).

Proof SinceD(X)  E (X) is dense, eachh ∈ E (X) is a limit of elements inD(X). Such limits
can be described for instance via nets or via ultrafilters. Inthe present context we choose the lat-
ter approach. Thus there is an ultrafilterF ∈ UF (D(X)) such thath is the limit of this ultrafilter
UF (σ)(F ) ∈ UF (E (X)), when mapped toE (X). The limit is expressed via the ultrafilter algebra
µ ◦ τ : UF (E (X))→ E (X). This means that(µ ◦ τ ◦ UF (σ))(F ) = h. �

7 Algebras of the expectation monad

This section describes algebras of the expectation monad via barycenters of measures. It leads to an
equivalence of categories between ‘observable’ algebras and ‘observable’ convex compact Hausdorff
spaces. We shall writeCCH for the category of these convex compact Hausdorff spaces, with affine
continuous maps between them.

We start with the unit interval[0,1]. It is both compact Hausdorff and convex. Hence it carries
algebrasUF ([0,1])→ [0,1] andD([0,1])→ [0,1]. This interval also carries an algebra structure for the
expectation monad.

Lemma 28. The unit interval[0,1] carries anE -algebra structure:

E ([0,1])
evid // [0,1] by h ✤ // h(id[0,1]).

More generally, for an arbitrary set A the set of (all) functions[0,1]A carries anE -algebra structure:

E ([0,1]A) // [0,1]A namely h✤ // λa∈ A.h
(
λ f ∈ [0,1]A. f (a)

)
.
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Proof It is easy to see that the evaluation-at-identity map evid : E ([0,1]) → [0,1] is an algebra. We
explicitly check the details:

(
evid ◦ η

)
(x) = evid

(
η(x)

)

= η(x)(id)

= id(x)

= x

(
evid ◦ E (evid)

)
(H) = evid

(
E (evid)(H)

)

= E (evid)(H)(id)

= H(id ◦ evid)

= H
(
λk∈ E ([0,1]).k(id)

)

= µ(H)(id)

= evid
(
µ(H)

)

=
(
evid ◦ µ

)
(H).

Since Eilenberg-Moore algebras are closed under products,there is also anE -algebra on[0,1]A. �

From Corollaries 17 and 22 we know that the underlying setX of an algebraE (X) → X is both
compact Hausdorff and convex. Additionally, Lemma 25 says that the algebraD(X)→ X is continuous.

We first characterize algebra maps.

Lemma 29. Consider Eilenberg-Moore algebras(E (X)
α
−→ X) and(E (Y)

β
−→Y). A function f: X →Y

is an algebra homomorphism if and only if it is both continuous and affine, that is, iff the following two
diagrams commute.

UF (X)

α◦τ
��

UF ( f ) // UF (Y)

β◦τ
��

D(X)

α◦σ
��

D( f ) // D(Y)

β◦σ
��

X
f

// Y X
f

// Y

Thus, the functorAlg(E )→ CCH is full and faithful.

Proof If f is an algebra homomorphism, thenf ◦ α = β ◦ E ( f ). Hence the two rectangles above
commute by naturality ofτ andσ .

For the (if) part we use the property from Proposition 26 thatthe mapsσX : D(X) E (X) are dense
monos. This means that for each mapg: D(X) → Z into a Hausdorff spaceZ there is at most one
continuoush: E (X)→ Z with h ◦ σ = g. We use this property as follows.

D(X) // σ
dense

//

%%▲▲
▲▲

▲▲
▲▲

▲▲
▲▲

▲▲
▲

E (X)

β◦E ( f )

��

f◦α

��
Y

The triangle commutes for both maps sincef is affine:

f ◦ α ◦ σ = β ◦ σ ◦ D( f ) = β ◦ E ( f ) ◦ σ .

Also, both vertical maps are continuous, by Lemma 18. Hencef ◦ α = β ◦ E ( f ), so thatf is an algebra
homomorphism. �



168 The Expectation Monad

For convex compact Hausdorff spacesX,Y ∈ CCH one (standardly) writesA (X,Y) = CCH(X,Y)
for the homset of affine continuous functionsX → Y. In light of the previous result, we shall also use
this notationA (X,Y) whenX,Y are carriers ofE -algebras, in case the algebra structure is clear from
the context.

The next result gives a better understanding ofE -algebras: it shows that such algebras send measures
to barycenters (like for instance in [24]).

Proposition 30. Assume anE -algebraE (X)
α
−→ X. For each (algebra) map q∈ A (X, [0,1]) the follow-

ing diagram commutes.

E (X)

α
��

evq=λh.h(q)

((❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

X q
// [0,1]

This says that x= α(h) ∈ X is a barycenterfor h ∈ E (X), in the sense that q(x) = h(q) for all affine
continuous q: X → [0,1].

Proof Since evq = evid ◦ E (q) the above triangle can be morphed into a rectangle expressing thatq is a
map of algebras:

E (X)

α
��

evq

))❙❙❙
❙❙❙

❙❙
❙❙❙

❙❙❙

E (q) // E ([0,1])

evid
��

X q
// [0,1]

where evid is theE -algebra on[0,1] from Lemma 28.

Now that we have a reasonable grasp ofE -algebras, namely as convex compact Hausdorff spaces
with a barycentric operation, we wish to comprehend how suchalgebras arise. We first observe that
measures inE (X) in the images ofD(X) E (X) andUF (X) E (X) have barycenters, ifX carries
appropriate structure.

Lemma 31. Assume X is a convex compact Hausdorff space, described viaD- andUF -algebra struc-
turescv: D(X)→ X andch: UF (X)→ X. Then:

1. cv(ϕ) ∈ X is a barycenter ofσ(ϕ) ∈ E (X), for ϕ ∈ D(X);

2. ch(F ) ∈ X is a barycenter ofτ(F ) ∈ E (X), for F ∈ UF (X).

Proof We write cv[0,1] : D([0,1]) → [0,1] and ch[0,1] : UF ([0,1]) → [0,1] for the convex and compact
Hausdorff structure on the unit interval. Then forq∈ A (X, [0,1]),

q
(
cv(ϕ)

)
= cv[0,1]

(
D(q)(ϕ)

)
sinceq is affine

= cv[0,1]
(

∑i r iq(xi)
)

if ϕ = ∑i r ixi

= ∑i r i ·q(xi)

= σ(ϕ)(q)

q
(
ch(F )

)
= ch[0,1]

(
UF (q)(F )

)
sinceq is continuous

= τ(F )(q). �
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We call a convex compact Hausdorff spaceX observableif the collection of affine continuous maps
X → [0,1] is jointly monic. This means thatx = x′ holds if q(x) = q(x′) for all q ∈ A (X, [0,1]). In
a similar manner we call anE -algebra observable if its underlying convex compact Hausdorff space is
observable. This yields full subcategoriesCCHobs →֒ CCH andAlgobs(E ) →֒ Alg(E ). By definition,
[0,1] is a cogenerator in these categoriesCCHobs andAlgobs(E ).

Proposition 32. Assume X is a convex compact Hausdorff space, described viaD- and UF -algebra
structurescv: D(X)→ X andch: UF (X)→ X.

1. Via the Axiom of Choice one obtains a functionα : E (X)→ X such thatα(h) ∈ X is a barycenter
for h∈ E (X); that is, q(α(h)) = h(q) for each q∈ A (X, [0,1]).

2. If X is observable, there is precisely one suchα : E (X)→ X; moreover, it is anE -algebra; and
its induced convex and topological structures are the original ones on X, as expressed via the
commuting triangles:

D(X) // σ //

cv
%%▲▲

▲▲
▲▲

▲▲
E (X)

α
��

UF (X)ooτoo

chxxqqq
qq
qq
qq

X

This yields a functorCCHobs→ Algobs(E ).

Proof Recall from Corollary 27 that the functionµ ◦ τ ◦ UF (σ) : UF (D(X)) → E (X) is surjective.
Using the Axiom of Choice we choose a sections: E (X) → UF (D(X)) with µ ◦ τ ◦ UF (σ) ◦ s=
idE (X). We now obtain, via the choice ofs, a mapα : E (X)→ X in:

UF (D(X))
µ◦τ◦UF (σ)

// //

ch◦UF (cv) ++

E (X)

α=ch◦UF (cv)◦s
��

s
uu

X

We show thatα(h) ∈ X is a barycenter for the measureh∈ E (X). For eachq∈ A (X, [0,1]) one has:

h(q) =
(
µ ◦ τ ◦ UF (σ) ◦ s

)
(h)(q)

= µ
(
(τ ◦ UF (σ) ◦ s)(h)

)
(q)

=
(
τ ◦ UF (σ) ◦ s

)
(h)(evq)

=
(
ch[0,1] ◦ UF (evq) ◦ UF (σ) ◦ s

)
(h)

=
(
ch[0,1] ◦ UF (λϕ .evq(σ(ϕ))) ◦ s

)
(h)

=
(
ch[0,1] ◦ UF (λϕ .cv[0,1](D(q)(ϕ))) ◦ s

)
(h) see Remark 3.(1)

=
(
ch[0,1] ◦ UF (cv[0,1] ◦ D(q)) ◦ s

)
(h)

=
(
ch[0,1] ◦ UF (q ◦ cv) ◦ s

)
(h) sinceq is affine

=
(
q ◦ ch◦ UF (cv) ◦ s

)
(h) sinceq is continuous

=
(
q ◦ α

)
(h)

= q(α(h)).

For the second point, assume the collection of mapsq∈ A (X, [0,1]) is jointly monic. Barycenters
are then unique, since if bothx,x′ ∈ X satisfyq(x) = h(q) = q(x′) for all q∈ A (X, [0,1]), thenx= x′.
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Hence the functionα : E (X)→ X picks barycenters, in a unique manner. We need to prove the algebra
equations (see the beginning of Section 2). They are obtained via the barycentric propertyq(α(h)) = h(q)
and observability. First, the equationα ◦ η = id holds, since for eachx∈ X andq∈ A (X, [0,1]),

q
(
(α ◦ η)(x))

)
= q

(
α(η(x))

)
= η(x)(q) = q(x) = q

(
id(x)

)
.

In the same way we obtain the equationα ◦ µ = α ◦ E (α). ForH ∈ E 2(X) we have:
(
q ◦ α ◦ µ

)
(H) = q

(
α(µ(H))

)

= µ(H)(q)

= H
(
λk∈ E (X).k(q)

)

= H
(
λk∈ E (X).q(α(k))

)

= H
(
q ◦ α

)

= E (α)(H)(q)

= q
(
α(E (α)(H))

)

=
(
q ◦ α ◦ E (α)

)
(H).

We need to show thatα induces the original convexity and topological structures. Since barycenters
are unique, the equationsα(σ(ϕ)) = cv(ϕ) andα(τ(F )) = ch(F ) follow directly from Lemma 29.

Finally, we need to check functoriality. So assumef : X →Y is a map inCCHobs, and letα : E (X)→
X andβ : E (Y) → Y be the induced algebras obtained by picking barycenters. Weneed to proveβ ◦
E ( f ) = f ◦ α . Of course we use thatY is observable. Forh∈ E (X), one has for allq∈ A (Y, [0,1]),

q
(
β (E ( f )(h))

)
= E ( f )(h)(q)

= h
(
q ◦ f

)

= (q ◦ f )(α(h))

= q
(

f (α(h))
)
. �

In the approach followed above barycenters are obtained viathe Axiom of Choice. Alternatively,
they can be obtained via the Hahn-Banach theorem, see for instance [3, Prop. I.2.1].

Theorem 5. There is an isomorphismAlgobs(E ) ∼= CCHobs between the categories of observableE -
algebras and observable convex compact Hausdorff spaces ina situation:

Algobs(E )
� _

��

∼= 11 CCHobs
qq

� _

��
Alg(E )

full & faithful
// CCH

Proof Obviously the full and faithful functorAlg(E )→ CCH from Lemma 29 restricts toAlgobs(E )→
CCHobs. We need to show that it is an inverse to the functorCCHobs → Algobs(E ) from Proposi-
tion 32.(2).

• Starting from an algebraα : E (X)→ X, we know by Proposition 30 thatα(h) is a barycenter for
h∈ E (X). The underlying setX is an observable convex compact Hausdorff space. This structure
gives by Proposition 32.(2) rise to an algebraα ′ : E (X)→ X such thatα ′(h) is barycenter forh.
SinceX is observable, barycenters are unique, and soα ′(h) = α(h).



B. Jacobs & J. Mandemaker 171

• Starting from an observable convex compact Hausdorff spaceX, we obtain an algebraα : E (X)→
X by Proposition 32.(2), whose induced convex and topological structure is the original one. �

Thus we have characterizedobservableE -algebras. The characterization of arbitraryE -algebras
remains open. Possibly the functorAlg(E )→ CCH is (also) an isomorphism. For the duality in the next
section the characterization of observable algebras is sufficient.

We conclude this section with some further results on observability. We show thatobservableconvex
compact Hausdorff spaces can be considered as part of an enveloping locally convex topological vector
space. This is the more common way of describing such structures, seee.g.[3, 4].

Lemma 33. Let X be a convex compact Hausdorff space; write A= A (X, [0,1]). If X is observable,
there is (by definition) an injection:

X // x7→evx // [0,1]A where evx = λq∈ A.q(x).

1. This map is both affine and continuous—where[0,1]A carries the product topology.

2. Hence if X is the carrier of anE -algebra, this map is a homomorphism of algebras—where[0,1]A

carries theE -algebra structure from Lemma 28.

Proof The second point follows from the first one via Lemma 29, so we only do point 1. Obviously,
x 7→ evx is affine. In order to see that it is also continuous, assume wehave a basic open setU ⊆ [0,1]A.
The product topology says thatU is of the formU = ∏q∈AUq, with Uq ⊆ [0,1] open andUq 6= [0,1] for
only finitely manyq’s, sayq1, . . . ,qn. Thus:

ev−1(U) = {x | q1(x) ∈Uq1 ∧ ·· · ∧ qn(x) ∈Uqn} =
⋂

i q
−1
i (Uqi ).

This intersection of opens is clearly an open set ofX. �

Proposition 34. Eachobservableconvex compact Hausdorff space X∈ CCHobs occurs as subspace of
a locally convex topological vector space, namely via:

X // // [0,1]A � � // RA

where A= A (X, [0,1]) like in the previous lemma.

Proof It is standard that the vector spaceRA with product topology is locally convex. We writeO(X)
for the original compact Hausdorff topology onX andOi(X) for the topology induced by the injection
X  RA. The latter contains basic opens of the formq−1

1 (U1)∩ ·· · ∩q−1
n (Un) for qi ∈ A= A (X, [0,1])

andUi ⊆ R open. ThusOi(X)⊆ O(X). We wish to use Lemma 2 to prove the equalityOi(X) = O(X).
SinceO(X) is compact we only need to show that the induced topologyOi(X) is Hausdorff. This is easy
sinceX is observable: ifx 6= x′ for x,x′ ∈X, then there is aq∈A (X, [0,1]) with q(x) 6= q(x′) in [0,1]⊆R.
Hence there are disjoint opensU,U ′ ⊆ R with q(x) ∈U andq(x′) ∈U ′. Thusq−1(U),q−1(U ′) ∈ Oi(X)
are disjoint (induced) opens containingx,x′. �

8 Algebras of the expectation monad and effect modules

In this section we relate algebras of the expectation monad to effect modules via a (dual) adjunction. By
suitable restriction this adjunction gives rise to an equivalence (duality) between observableE -algebras
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and Banach effect modules. Via a combination with Theorem 5 we then get our main duality result (see
Theorem 6 below).

We first return to Section 2.4. When we apply Lemma 4 to the adjunctions involving convex sets
and effect modules in Diagram (8), the (upper) comparison functor in (7) says that each effect module
M ∈ EMod gives rise to aE -algebra on the homsetEMod(M, [0,1]), namely:

E

(
EMod(M, [0,1])

)
αM // EMod(M, [0,1])

h ✤ // λy∈ M.h
(

λk∈ EMod(M, [0,1]).k(y)
) (14)

In order to simply notation we write:

SM = EMod(M, [0,1]) for the set of “states” ofM

αM(h)(y) = h(evy) where evy = λk.k(y).

Thus, Diagram (7) becomes:

EModop

S(−) ''◆◆
◆◆

◆◆
◆◆

◆

S(−) // Alg(E )

(−)◦σxxqqq
qq
qq
q

Alg(D) = Conv

��
Sets

(15)

Proposition 35. Consider for an effect module M, theE -algebra structure(14) on the homset of states
SM = EMod(M, [0,1]).

1. The induced topology is like the weak-* topology, with subbasic opens

�s(y) = {g∈ SM | g(y) < s},

where y∈ M and s∈ [0,1]∩Q. It thus generalizes the topology onE (X) = EMod([0,1]X , [0,1])
in Proposition 19.

2. This convex compact Hausdorff spaceEMod(M, [0,1]) is observable.

Hence the states functor S(−) at the top of(15) restricts toEModop → Algobs(E ).

Proof The proof of Proposition 19 generalizes directly from an effect module of the form[0,1]X to an
arbitrary effect moduleM.

Next supposef ,g∈ SM = EMod(M, [0,1]) satisfyq( f ) = q(g) for each affine continuousq: SM →
[0,1]. This applies especially to the functions evy = λk.k(y), which are both continuous and affine.
Hencef (y) = evy( f ) = evy(g) = g(y) for eachy∈ M, and thusf = g. �

We can also form a functorAlg(E )→ EModop, in the reverse direction in (15), by “homming” into
the unit interval[0,1]. Recall that this interval carries anE -algebra, identified in Lemma 28 as evaluation-
at-identity evid . For an algebraα : E (X)→ X we know that the algebra homomorphismsX → [0,1] are
precisely the affine continuous mapsX → [0,1], by Lemma 29. We shall be a bit sloppy in our notation
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and write the homsetAlg(E )(α ,evid) = {q: X → [0,1] | q◦ α = evid ◦ E (q)} of algebras map in various
ways, namely as:





Alg(E )(α , [0,1]) leaving the algebra structure evid on [0,1] implicit,

Alg(E )(X, [0,1]) also leaving the algebra structureα on X implicit,

A (X, [0,1]) as set of affine continuous functions, via Lemma 29.

Proposition 36. The states functor S(−) = EMod(−, [0,1]) : EModop → Alg(E ) from (15) has a left
adjoint, also given by “homming into[0,1]”:

EModop

S(−)=EMod(−,[0,1])
,,

⊤ Alg(E )

Alg(E )(−,[0,1])

ll

Proof Assume anE -algebraα : E (X)→ X. We should first check that the set of affine continuous func-
tions is a sub-effect module:Alg(E )(α , [0,1]) = A (X, [0,1]) →֒ [0,1]X . The top and bottom elements
1= λy.1 and 0= λy.0 are clearly inA (X, [0,1]). Also, A (X, [0,1]) is closed under (partial) sums>
and scalar multiplication withr ∈ [0,1]. Next, if we have a map of algebrasg: X →Y, from E (X)

α
→ X

to E (Y)
β
→Y. Then we get a map of effect modulesg∗ = (−) ◦ g: A (X, [0,1]) → A (Y, [0,1]). This is

easy becauseg is itself affine and continuous, by Lemma 29.
We come to the adjunctionAlg(E )(−, [0,1]) ⊣ EMod(−, [0,1]). ForM ∈ EMod and(E (X)

α
→ X)∈

Alg(E ) there is a bijective correspondence:

E (X)

α
��

E ( f ) // E (SM)

αM��
X

f // SM
====================
M g

// Alg(E )(α , [0,1]) = A (X, [0,1]

We proceed as follows.

• Given an algebra mapf : X → SM =EMod(M, [0,1]) as indicated, definef : M →A (X, [0,1]) by
f (y)(x) = f (x)(y). We leave it to the reader to check thatf is a map of effect modules, but we do
verify that f (y) is an algebra mapX → [0,1]; so forh∈ E (X),

(
evid ◦ E ( f (y))

)
(h) = E ( f (y))(h)(id)

= h(id ◦ f (y))

= h( f (y))

= h
(
λx. f (x)(y)

)

= h
(
(λk.k(y)) ◦ f

)

= E ( f )(h)
(
λk.k(y)

)

= αM
(
E ( f )(h)

)
(y)

= f
(
α(h)

)
(y) since f is an algebra map

=
(

f (y) ◦ α
)
(h).
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• Now assume we have a map of effect modulesg: M → Alg(E )(α , [0,1]) = A (X, [0,1]). We
turn it into a map of algebrasg: X → SM , again by twisting arguments:g(x)(y) = g(y)(x). Via
calculations as above one checks thatg is a map of algebras.

Clearly f = f andg= g. �

Let’s write the unit and counit of this adjunction asη⊣ andε⊣, in order make a distinction with the
unit η of the monadE , see below. The unit and counit are maps:

X
η⊣

// EMod
(

Alg(E )(α , [0,1]), [0,1]
)

in Alg(E )

Alg(E )
(

EMod(M, [0,1]), [0,1]
)

ε⊣
// M in EModop

both given by point evaluation:

η⊣(x) = λ f ∈ A (X, [0,1]). f (x) ε⊣(y) = λg∈ EMod(M, [0,1]).g(y) (16)

The unit of this adjunction is related to the unit of the monadE , written explicitly asηE in the following
way.

EMod
(
A (X, [0,1]), [0,1]

)

X
η⊣ 11❝❝❝❝❝❝❝❝❝❝❝

ηE --❬❬❬❬❬❬❬❬
❬❬❬❬❬❬

❬❬❬❬❬❬
❬

E (X) = EMod
(
[0,1]X , [0,1]

)
OO

Lemma 37. Consider the unitη⊣ in (16)of the adjunction from Proposition 36, at an algebraE (X)
α
→ X.

1. This unit is injective if and only if X is observable.

2. In fact, it is an isomorphism if and only if X is observable.

Hence the adjunctionAlg(E ) ⇆ EModop from Proposition 36 restricts to a coreflectionAlgobs(E ) ⇆
EModop.

Proof The first statement holds by definition of ‘observable’. So for the second statement it suffices
to assume thatX is observable and show thatη⊣ : X  EMod

(
A (X, [0,1]), [0,1]

)
is surjective. This

unit is by construction affine and continuous. Hence its image in the spaceEMod
(
A (X, [0,1]), [0,1]

)
is

compact, and thus closed.
We are done ifη⊣ is dense. Thus we assume a non-empty open setU ⊆ EMod

(
A (X, [0,1]), [0,1]

)

and need to prove that there is any ∈ X with η⊣(y) ∈ U . By Proposition 35 we may assumeU =
�s1(q1)∩ ·· · ∩�sn(qn), for qi ∈ A (X, [0,1]) andsi ∈ [0,1]∩Q. Thus we may assume a map of effect
modulesh: A (X, [0,1])→ [0,1] inhabiting all these�’s. Henceh(qi)< si .

Sinceι : A (X, [0,1]) →֒ [0,1]X is a sub-effect module, by extension, see Proposition 14, weget a
map of effect modulesh′ : [0,1]X → [0,1] with h′ ◦ ι = h. Thus, we can take the inverse image of the
open setU along the continuous map:

E (X) = EMod
(
[0,1]X , [0,1]

) (−)◦ι // EMod
(
A (X, [0,1]), [0,1]

)

The resulting open set is:

V
def
=
(
(−) ◦ ι

)−1
(U) = {k∈ E (X) | k ◦ ι ∈U}

= {k∈ E (X) | ∀i.k(ι(qi))< si}.



B. Jacobs & J. Mandemaker 175

This subsetV ⊆ E (X) containsh′ and is thus non-empty. Sinceσ : D(X) E (X) is dense, by Proposi-
tion 26, there is a distributionϕ = (∑ j r jx j) ∈ D(X) with σ(ϕ) ∈V. We takex= ∑ j r jx j ∈ X to be the
interpretation ofϕ in X, using thatX is convex. We claimη⊣(x) ∈U . Indeed,η⊣(x) ∈�s(qi), for each
i, since:

η⊣(x)(qi) = qi(x) = qi(∑ j r jx j)

= ∑ j r j ·qi(x j) sinceqi : X → [0,1] is affine

= σ(ϕ)(ι(qi))

< si sinceσ(ϕ) ∈V. �

We turn to the counit (16) of the adjunction in Proposition 36.

Lemma 38. For an effect module M consider the counitε⊣ : M → A (SM , [0,1]), where, as before,
SM = EMod(M, [0,1]) is the convex compact Hausdorff space of states.

1. The effect moduleA (SM , [0,1]) is “Banach”, i.e. complete.

2. The counit mapε⊣ is a dense embedding of M into this Banach effect moduleA (SM , [0,1]).

3. Hence it is an isomorphism if and only if M is a Banach effectmodule.

Proof Completeness ofA (SM , [0,1]) is inherited from[0,1], since its norm is the supremum norm, like
in Example 4.

For the second point we use the corresponding result for order unit spaces, via the equivalence
T̂o: AEMod ≃

−→ OUS from Proposition 9. If(V,u) is an order unit space then it is well known (see [4])
that the evaluation mapθ : V → A (S,R) is a dense embedding. HereS= OUS(V,R) is the state space
of V. However if we takeV to be the totalizationT̂o(M) of M, thenθ is preciselyT̂o(ε⊣), since:

T̂o(M) =V //
dense

θ // A (S,R) = A
(
OUS(V,R),R

)

∼= A
(
EMod(M, [0,1]),R

)

∼= T̂o

(
A
(
EMod(M, [0,1]

)
, [0,1])

)
.

and bothθ andT̂o(ε⊣) are the evaluation map.
For the third point, one direction is easy: if the counit is anisomorphism, thenM is isomorphic to

the complete effect moduleA
(
SM , [0,1]), and thus complete itself. In the other direction, denseness

of M  A
(
SM , [0,1]) means that eachh ∈ A

(
SM , [0,1]) can be expressed as limith = limn ε⊣(xn) of

elementsxn ∈M. But if M is complete, there is already a limitx= limn xn ∈M. Henceε⊣(x) = h, making
ε⊣ an isomorphism. �

Combining lemmas 38 and 37 gives us the main result of this paper.

Theorem 6. The adjunctionAlg(E )⇆ EModop from Proposition 36 restricts to a dualityAlgobs(E )≃
BEModop between observableE -algebras and Banach effect modules. In combination with Theorem 5
we obtain:

CCHobs
∼= Algobs(E ) ≃ BEModop. �

This result can be seen as a probabilistic version of fundamental results of Manes (Theorem 1) and
Gelfand (Theorem 2).
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9 A new formulation of Gleason’s theorem

Gleason’s theorem in quantum mechanics says that every state on a Hilbert space of dimension three or
greater corresponds to a density matrix [17]. In this section we introduce a reformulation of Gleason’s
theorem, and prove the equivalence via Banach effect modules (esp. Lemma 38). This reformulation
says that effects are the free effect module on projections.In formulas: Ef(H )∼= [0,1]⊗Pr(H ), for a
Hilbert spaceH .

Gleason’s theorem is not easy to prove (seee.g. [14]). Even proofs using elementary methods are
quite involved [12]. A state on a Hilbert spaceH is a certain probability distribution on the projections
Pr(H ) of H . These projections Pr(H ) form an orthomodular lattice, and thus an effect algebra [15,
21]. In our current context these are exactly the effect algebra maps Pr(H ) → [0,1]. So Gleason’s
(original) theorem states:

EA
(
Pr(H ), [0,1]

)
∼= DM(H ). (17)

This isomorphism, from right to left, sends a density matrixM to the mapp 7→ tr(Mp)—where tr is the
trace map acting on operators.

Recall that Ef(H ) is the set of positive operators onH below the identity. It is a Banach effect
module. One can also consider the effect module maps Ef(H ) → [0,1]. For these maps there is a
“lightweight” version of Gleason’s theorem:

EMod
(
Ef(H ), [0,1]

)
∼= DM(H ). (18)

This isomorphism involves the same trace computation as (17). This statement is significantly easier to
prove than Gleason’s theorem itself, see [11].

Because Gleason’s original theorem (17) is so much harder toprove than the lightweight version (18)
one could wonder what Gleason’s theorem states that Gleasonlight doesn’t. In Theorem 7 we will show
that the difference amounts exactly to the statement:

[0,1]⊗Pr(H ) ∼= Ef(H ), (19)

where⊗ is the tensor of effect algebras (see [21]). A general result, see [29, VII,§4], says that the tensor
product[0,1]⊗Pr(H ) is the free effect module on Pr(H ).

The following table gives an overview of the various formulations of Gleason’s theorem.

Description Formulation Label

original Gleason,
for projections

EA
(
Pr(H ), [0,1]

)
∼= DM(H ) (17)

lightweight version,
for effects

EMod
(
Ef(H ), [0,1]

)
∼= DM(H ) (18)

effects as free
module on projections

[0,1]⊗Pr(H )∼= Ef(H ) (19)

In this section we shall prove (17)⇐⇒ (19), in presence of (18), see Theorem 7. Since (17) is true, for
dimension≥ 3, the same then holds for (19).

We first prove a general result based on the duality from the previous section. There we used the
shorthandSM for the algebra of statesEMod(M, [0,1]). We now extend this notation to effect algebras
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and writeSD = EA(D, [0,1]), whereD is an effect algebra. We recall from Section 3 thatSD is a convex
set. We will topologize it via the weakest topology that makes all point evaluations continuous.

Since the tensor product[0,1]⊗D of effect algebras is the free effect module onD it follows that
there is an isomorphism:

EA
(
D, [0,1]

)
∼=

(̂−) // EMod
(
[0,1]⊗D, [0,1]

)
with f̂ (s⊗ x) = s· f (x)

SD S[0,1]⊗D

(20)

Lemma 39. The mappinĝ(−) : SD
∼=−→ S[0,1]⊗D in (20) is an affine homeomorphism.

Proof We only show that̂(−) is a homeomorphism. For an arbitrary element>i r i ⊗ xi ∈ [0,1]⊗D we
have in[0,1],

f̂
(
>i r i ⊗ xi

)
= ∑i r i · f (xi).

Since the mapsf 7→ f (xi) are continuous by definition of the topology onSD, and since addition and mul-
tiplication on[0,1] are continuous, it follows thatf 7→ f̂

(
>i r i ⊗ xi

)
is continuous. Hence by definition

of the topology onS[0,1]⊗D we see that the mappinĝ(−) is continuous.

Similarly, the inverse, say written as̃(−) : S[0,1]⊗D → SD, is continuous. It is given bỹk(x) = k(1⊗ x).
Continuity again follows from the definition of the topologyon S[0,1]⊗D. �

Lemma 40. Suppose f: D → E is an effect algebra map between an effect algebra D and a Banach
effect module E such that the following hold.

• The induced map̂f : [0,1]⊗D → E is surjective—obtained like in(20)as f̂ (s⊗ x) = s• f (x).

• The “precompose with f ” map− ◦ f : SE → SD is a homeomorphism.

The mapf̂ is then an isomorphism between[0,1]⊗D and E.

Proof Using Lemma 38, there are for the Banach effect moduleE and for the (free) effect module
[0,1]⊗D, mapsεE andφD in:

E
εE

∼=
// A
(
SE, [0,1]

)
[0,1]⊗D //

ε[0,1]⊗D

dense
//

φD ,,

A
(
S[0,1]⊗D, [0,1]

)

∼= h7→h((̂−))
��

A
(
SD, [0,1]

)

The operation̂(−) on the right is as in (20). We claim that the following diagramcommutes.

[0,1]⊗D //
dense

φD //

f̂
����

A
(
SD, [0,1]

)

∼= k7→k(−◦ f )
��

E εE

∼= // A
(
SE, [0,1]

)

If this is indeed true the map̂f is an embedding followed by two isomorphism and therefore injective
(and thus an isomorphism). To prove the claim, we assume>i r i ⊗ xi ∈ [0,1]⊗D andg∈ SE and compute
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first the east-south direction:
(
(λk.k(− ◦ f )) ◦ φD

)(
>i r i ⊗ xi

)
(g) = φD

(
>i r i ⊗ xi

)
(g ◦ f )

= ε[0,1]⊗D

(
>i r i ⊗ xi

)(
(̂g ◦ f )

)

= (̂g ◦ f )
(
>i r i ⊗ xi

)

= ∑i r i ·g( f (xi))

= g
(
>i r i • f (xi)

)
sinceg is affine

= g
(

f̂
(
>i r i ⊗ xi

))

= εE
(

f̂
(
>i r i ⊗ xi

))
(g)

=
(
εE ◦ f̂

)(
>i r i ⊗ xi

)
(g). �

As a consequence we obtain the isomorphism (19). We will shownext that it is equivalent to Glea-
son’s (original) theorem.

Theorem 7. (17)⇐⇒ (19), in presence of(18).
That is, using Gleason light(18) the following statements are equivalent.

(17): EA(Pr(H ), [0,1]) ∼= DM(H ), i.e. Gleason’s original theorem;

(19): The canonical map[0,1]⊗Pr(H )→ Ef(H ) is an isomorphism.

Proof Assuming[0,1]⊗Pr(H )
∼=−→ Ef(H ) we get Gleason’s theorem:

EA
(
Pr(H ), [0,1]

)
∼= EMod

(
[0,1]⊗Pr(H ), [0,1]

)
by freeness

∼= EMod
(
Ef(H ), [0,1]

)
by assumption

∼= DM(H ) by Gleason light (18).

In the other direction assumeSPr(H ) =EA(Pr(H ), [0,1])∼=DM(H ). We apply the previous lemma
to the inclusionf : Pr(H ) →֒ Ef(H ). Then indeed:

• the induced map̂f : [0,1]⊗Pr(H )→ Ef(H) is surjective: each effectA∈ Ef(H ) can be written
as convex combination of projectionsA= ∑i r iPi, via the spectral theorem.

• the precomposition− ◦ f : SEf(H ) → SPr(H ) is an isomorphism since:

SEf(H )

(18)
∼= DM(H )

(17)
∼= SPr(H ).

Since both these isomorphisms involve the same trace computation, this isomorphism is in fact the
map induced by the inclusionf : Pr(H ) →֒ Ef(H ).

Thus the conditions of Lemma 40 are met and so[0,1]⊗Pr(H )∼= Ef(H ). �

10 The expectation monad for program semantics

This paper uses the expectation monadE (X) = EMod([0,1]X , [0,1]) in characterization and duality re-
sults for convex compact Hausdorff spaces. Elements ofE (X) are characterized as (finitely additive)
measures (see esp. Theorem 4). The way the monadE is defined, via the adjunctionSets⇆ EModop, is
new. This approach deals effectively with the rather subtlepreservation properties for mapsh∈ E (X) =



B. Jacobs & J. Mandemaker 179

EMod([0,1]X , [0,1]), namely preservation of the structure of effect modules (with non-expansiveness,
and thus continuity, as consequence, see Lemma 10).

Measures have been captured via monads before, first by Giry [16] following ideas of Lawvere. Such
a description in terms of monads is useful to provide semantics for probabilistic programs [26, 23, 30, 31].
The term ‘expectation monad’ seems to occur first in [33], where it is formalized in Haskell. Such a
formalization in a functional language is only partial, because the relevant equations and restrictions
are omitted, so that there is not really a difference with thecontinuation monadX 7→ [0,1]([0,1]

X ). A
formalization of what is also called ‘expectation monad’ inthe theorem prover Coq occurs in [5] and is
more informative. It involves mapsh: [0,1]X → [0,1] which are required to be monotone, continuous,
linear (preserving partial sum> and scalar multiplication) and compatible with inverses—meaningh(1−
p)≤ 1−h(p). This comes very close to the notion of homomorphism of effect module that is used here,
but effect modules themselves are not mentioned in [5]. ThisCoq formalization is used for instance in
the semantics of game-based programs for the certification of cryptographic proofs in [9] (see [34] for
an overview of this line of work). Finally, in [25] a monad is used of mapsh: [0,1]X → [0,1] that are
(Scott) continuous and sublinear—i.e. h(p>q)≤ h(p)>h(q), andh(r · p) = r ·h(p).

The definitionE (X) = EMod([0,1]X , [0,1]) of the expectation monad that is used here has good
credentials to be the right definition, because:

• The monadE arises in a systematic (notad hoc) manner, namely via the composable adjunc-
tions (8).

• The setsE (X) as defined here form a stable collection, in the sense that itselements can be char-
acterized in several other ways, namely as finitely additivemeasures (Theorem 4) or as maps of
partially ordered vector spaces with strong unit (via Proposition 5, see Remark 2 (3)).

• Its (observable) algebras correspond to well-behaved mathematical structures (convex compact
Hausdorff spaces), via the isomorphismAlgobs(E )∼= CCHobs in Theorem 5.

• There is a dual equivalenceAlgobs(E ) ≃ BEModop that can be exploited for program logics,
see [13].

It is thus worthwhile to systematically develop a program semantics and logic based on the expec-
tation monad and its duality. This is a project on its own. We conclude by sketching some ingredients,
focusing on the program constructs that can be used.

First we include a small example. Suppose we have a set of statesS= {a,b,c} with probabilistic
transitions between them as described on the left below.

a
1
2

}}③③
③③
③③
③ 1

2

!!❈
❈❈

❈❈
❈❈

b
2
3

//
1
3

<< c
1

bb

S // D(S)

a ✤ // 1
2b+ 1

2c

b ✤ // 1
3b+ 2

3c

c ✤ // 1c

On the right is the same system described as a function, namely as coalgebra of the distribution monad
D . It maps each state to the corresponding discrete probability distribution. We can also describe the
same system as coalgebraS→ E (S) of the expectation monad, via the mapD  E . Then it looks as
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follows:
S // E (S)

a ✤ // λq∈ [0,1]S. 1
2q(b)+ 1

2q(c)

b ✤ // λq∈ [0,1]S. 1
3q(b)+ 2

3q(c)

c ✤ // λq∈ [0,1]S.q(c)

Thus, via theE -monad we obtain a probabilistic continuation style semantics.
Let’s consider this from a more general perspective. Assumewe now have an arbitrary, unspecified

set of statesS, for which we consider programs as functionsS→ E (S), i.e.as Kleisli endomaps or asE -
coalgebras. In a standard way the monad structure provides amonoid structure on these mapsS→ E (S)
for sequential composition, with the unitS→ E (S) as neutral element ‘skip’. We briefly sketch some
other algebraic structure on such programs (coalgebras), see also [31].

ProgramsS→ E (S) are closed under convex combinations: if we have programsP1, . . . ,Pn : S→
E (S) and probabilitiesr i ∈ [0,1] with ∑i r i = 1, then we can form a new programP= ∑i r iPi : S→ E (S).
For q∈ [0,1]S,

P(s)(q) = ∑i r i ·Pi(s)(q).

Since the setsS→ E (S) carries a pointwise order with suprema ofω-chains we can also give meaning
to iteration constructs like ‘while’ and ’for . . . do’.

Further we can also do “probabilistic assignment”, writtenfor instance asn := ϕ , wheren is a
variable, say of integer typeint, andϕ is a distribution of typeD(int). The intended meaning of such
an assignmentn := ϕ is that afterwards the variablen has valuem: int with probability ϕ(m) ∈ [0,1].
In order to model this we assume an update functionupdn : S× int → S, which we leave unspecified
(similar functions exist for other variables). The interpretation[[n := ϕ ]] of the probabilistic assignment
is a functionS→ E (S), defined as follows.

[[n := ϕ ]](s) = E
(
updn(s,−)

)(
σ(ϕ)

)

= λq∈ [0,1]S. ∑i r i ·q(updn(mi)), if ϕ = ∑i r imi.

It applies the functorE to the functionupdn(s,−) : int→ Sand uses the natural transformationσ : D ⇒
E from (6).
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[9] G. Barthe, B. Grégoire & S. Zanella Béguelin (2009):Formal certification of code-based cryptographic
proofs. In: Principles of Programming Languages, ACM Press, pp. 90–101, doi:10.1145/1480881.1480894.

[10] F. Borceux (1994):Handbook of Categorical Algebra. Encyclopedia of Mathematics50, 51 and 52, Cam-
bridge Univ. Press, doi:10.1017/CBO9780511525858.

[11] P. Busch (2003):Quantum states and generalized observables: a simple proofof Gleason’s theorem. Phys.
Review Letters91(12):120403, pp. 1–4, doi:10.1103/PhysRevLett.91.120403.

[12] R. Cookea, M. Keanea & W. Morana (1985):Stably continuous frames. Math. Proc. Cambridge Phil. Soc.
98, pp. 117–128.

[13] E. D’Hondt & P. Panangaden (2006):Quantum weakest preconditions. Math. Struct. in Comp. Sci.16(3),
pp. 429–451, doi:10.1017/S0960129506005251.
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